
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 






A/ ^/^^-/■;/ 






r-O'/*' 



ELEMENTS 



OP THB 



DIFFERENTIAL AND INTEGRAL 



CALCULUS. 



BY CHARLES DAVIES. 

AUTHOR OF MBNTAL AND PBACTICAL ARITHMSTIC, PIS8T LIISOKt Ol 

ALOEBBA, SLBMBNT8 OF BUBTBYINO, BLEHBNT8 OF DBSCBIP- 

TlVfi GBOMBTBY, ELBHENT8 OP ANALYTICAL GBOHBTBTy 

AND 8UADE8 8HADOW8 AND PBE8PECTIYB. 



SECOND EDITION. 
REVISED AND CORRECTED. 



PUBLISHED BY 

A. S. BARNES & Co, Habtfobd.— WILET & PUTNAM; COLLINI» 

ELEESE & Co, Nbw Yobk.— THOMAS, COWPERTHWAIT * 

Co, Fhiladblpbia.—CUSHING & SONS, Baltimobb.^ 

TRUMAN A SMITH, CiRciiiifATL 



1839. 



f<Zi06iO 



luNiVERS!T\ 
LIBRARY 



Entered according to the Act of Congress, in the year one thousand 
dight hundred and thirty-six, by Charles Dayies, in the Clerk^s Office 
•of (he District Court of the United States, for the Southern District of New 
York. 



RIHVr W. BVZi, STXRVOTrPIV, 
4ft OOLD STJIZIT, HXW TOlia 



PREFACE. 



The Differential and Integral Calculus is justly coiu 
sidered tlie most difficult branch of the pure Mathematics. 

The methods of investigation are, in general, not em 
obvious, nor the connection between the reasoning and 
the results so clear and striking, as in Geometry, or ill 
the elementary branches of analysis. 

It has been the intention, however, to render the sub- 
ject as plain as the nature of it would admit, but stil)^ 
it cannot be mastered without patient and severe study. 

This work is what its title imports, an Elementary 

Treatise on the Differential and Integral Calculus. It 

might have been much enlarged, but being intended for 

a text-book, it was not thought i>est to extend it beyond 

. its present limits. 



4 PREFACE. 

The works of Boucharlat and Lacroix have be«i 
fireely used, although the general method of arranging 
the subjects is quite different from that adopted by 
either of those distinguished authors. 

IflUTART A.CADEMT,, 

Wat Point, Oetohtr, ISSe. 
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CHAPTER I. 



Definitions and Introductory Remarks. 

1. There are two kinds of quantities which enter into 
the Differential Calculus : variables and constants. 

The variable quantities are generally designated by the 
final letters of the alphabet, x, y, Zy &c. ; and any values 
may be attributed to them which will satisfy the equations 
in which they enter. 

The constant quantities are designated by the first 
letters of the alphabet, a, b, c, &c. ; and these preserve 
the same value throughout the same investigation, what* 
ever values may be attributed to the variables with which 
they are connected. 

2. If two variable quantities are so connected together 
that any change in the value of the one will necessarily 
produce a change in the value of the otlier, they are said 
to he functions of each other. 

ThuSy in the equation of a given straight line 
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if we change the value of the ordinate y, the value of x 
will also undergo a change : hence, ^ is a function of x^ 
or X a function of y. 

This general relation, which merely implies a depert" 
dence of value, is expressed by 

y = F(a?), or, x = F{y); 

and the equations are read, y a function of x, and x a 
function of y. This dependence of value may also be 
expressed by the equation 

F{x,y) = 0, 

which is read, function of a?, y, equal to 0, and merely 
implies, that x depends for its value on y, or y on x. 

3. The letter which is placed in the first member of the 
equation is called the function^ and the one in the second 
member is called the variable. In the equation 

y = F{xl 

y is the function and x the variable, and in the equation 

x=^F{y\ 

w is the function and y the variable. 

4. In the equation of the straight line 

y = ax + by 

it is plain that if the value of x is increased the vahie of 
y will also increase, or if x be diminished the vahic of y 
will diminish: hence, y and x increase together^ or de* 
crease together, and y is tlien said to be an increasing 
function of the variable x. 



DIFFBBEMTUL CAJLCmUB 11 

In the equation of the circle 

^ + t/' = R\ or f/'^S^^af, 

the Talue of y increases when x is diminished, and de» 
creases when x is augmented : when this relation subsists 
between y and x^ y is said to be a decreasing function^ 
of the variable x. 

5. If in any equation of the form 

y^F{x\ 

the value of y is expressed in terms of x and con* 
stants, as for example, if 

y = aa?y or y = 3a? + 6a?, &c., 

V is then said to be an explicit function of x. 

But if the value of the function is not directly expressed 
in terms of the variable on which it dependsi as in the 
equation 

y* — 3acy + a? = 0; 

or if the dependence is expressed by means of an inter* 
mediate variable, as in the equations 

y^F{u\ u=:F{xl 

y is then said to be bji implicit or implied function of :r. 
The roots of an equation, for example, are imphcit func- 
tions of the coefficients. 

6 In every equation of the form 
y = F{x\ 
either the function y, or the variable x, may be made to 
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change its value according to any law whatever, and the 
corresponding change which takes place in the other, will 
be determined by resolving the equation. Thus, in the 
equation of the circle 

if we change the value of either a? ot y by a quantity 
do A, the corresponding value of the other variable may be 
determined from the equation, and the difference between 
it and the primitive value, will express the change of 
▼alue. 

The law of change is generally imposed on the variable 
x^ and as this law is arbitrary, x is called an independent 
variable. 

It simplifies the operations of the calculus, to increase or 
diminish the variable x uniformly; that is, to change it 
from one state of value to another by the addition or sub- 
traction of a constant quantity; and since the law of 
change is arbitrary, this supposition does not render the 
calculus less general. 

7. Although the values of the variable quantities may be 
changed at pleasure without affecting the values of the 
constants with which they are connected, there is, never- 
theless, a relation between them which it is important to 
consider. 

If in the equation 

y = F{x\ 

a particular value be attributed either to a? or y, the other 
will be expressed in terms of this value and the constant 
quantities which enter into the primitive equation. Thus, 



DIPFBREKTUX CALCULUS. 18 

in the equation of the straight line 

if a particular value be attributed to x, the corresponding 
Yalue of y will depend on a and b ; or if a particular 
value be attributed to y, the corresponding value of x will 
likewise depend on a and 6. The same will evidently he 
the case in the equation of the circle 

or in any equation of the form 

y=zF{x). 

Hence, we see that, although the changes which take 
place in the values of the variables are entirely indepen- 
dent of the constants with which the variables are con- 
nected, yet the absolute values are dependant on the 
constants. 

8. Since the relations between the variables and con- 
stants are not affected by the changes of value which the 
variables may experience, it follows that, if the constants 
be determined for particular values of the variables, they 
will be known for all others. 

Thus, in the equation of the circle 

if we make x=Of we have 

y=dhR; 

or if we make y = 0, we have 

2 
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and the value of R will be equal to the distance from llie 
origin to the point in which the circumference cuts the co- 
ordinate axes, whatever be the value of x or y. 

0. The function y, and the variable ic, may be so re- 
lated to each other as to reduce to at the same time. 
Thus, in the equation of the parabola 

which may be placed under the general form 

jF(a?,y) = 0, or y = F{x), 

if we make a? = 0, we have y = 0, or. if we make 
y — 0, we shall have x = 0. 

10. We have thus far supposed the function to depend 
on a single variable ; it may however depend on several. 
Let us suppose for example, that u depends for its value 
on X, y, and Zy we express this dependence by 

u = F{x, y, z,) 

If we make a? = 0, we have 

u = F{t/,z); 

if we also make y = 0, we have 

u-^F{z); 

and if in addition, we make ^ = 0, we have 

u=za constant, 

which constanty may itself be equal to 0. 

11. Let us now examine the change which takes place 
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in the function for any change that may be made in the 
▼alue of the variable on which it depends. 
Let us take, as a first example, 

and suppose x to be increased by any quantity h. De- . 
signate by u' the new value which u assumes, under this 
supposition, and we shall have 

or by developing 

If we subtract the first equation from the last, we shall 
have 

t/— u =:2axh + ah^; 

hence, if the variable x be increased by A, the function 
will be increased by 2cuvh+ah^. 

If both members of the last equation be divided by A, 
we shall have 

!^JZ± = 2ax+ah, (1) 
n 

which expresses the ratio of the increment of the function 
to that of the variable. 

12. The value of the ratio of the increment of the func* 
tion to that of the variable ia composed of two parts, 2 ax 
and ah. If now, we suppose h to diminish continually, the 
value of the ratio will approEich to that of 2 ax, to which 
it will become equal when h = 0. The part 2 or, which 
is independent of A, is therefore the limit of the ratio of, 
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the Increment of the function to that of the variable. The 
lerm, limit of the ratio designates the ratio at the time 
h becomes equal to 0. Thi9 limit is called the differerir 
tial coefficient of u regarded as a function of x. 

We have now to introduce a notation by which this 
limit may be expressed. For this purpose we represent 
hy dx the last value of A, that is, the value cf h tuhich 
cannot be diminished according to the law of change to 
tohich h is subjected^ without becoming 0; and let ua 
also represent by du the corresponding value of u : we 

then have 

du 

■^ = 2ax. (2) 

The letter d is used merely as a characterijstic, and the 
exprcssions du, dx, are read, differential of Wy diffe- 
rential oi x. 

It may be difficult to understand why the value which b 
assumes in passing, from equation j( 1 ) to equation (2), is 
represented by dx in the first member^ and made equal 
to in the second. We have represented by dx the 
last value of A, and this value forms no appreciable part 
€f A or a:. For, if it did, it might be diminished without 
becoming 0, and therefore would not be the last value of h. 
By designating this last value by dx^ we preserve a trace 
of the letter Xy and express at the same time the last 
change which takes place in h, as it becomes equal to 0. 

13. Let us take as a second example, 
u = aaP. 

If we give \o x tm incretment i, we shall have 
u' = a{x + hfz=aaP+Bahx^+Sah^x + ak\ 
hence, w' — « = 3 aho^ + 3 ah^x + ai?. 
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and the ratio of the increments will be 



u ^u 



=:3aa? + Bahx + alf, 



and the limii of the ratio, or differential coefficient, 
du 



dx 



= 3ax^s 



In the function 

u = ;?a^, we have 



du 
dx 



= Ana?. 



14. We haye seen, in the preceding examples^ that the 
differential coefficient, or limit of the ratio of the increment 
of the function to that of the variable, is entirely indepen- 
dent of the increment attributed to the variable. 

Indeed, when the ratio is obtained as in the examples 
already giv^n, and the increment made equal to in the 
second member, it is plain that the first member can no 
longer depend upon the increment. As this, however, is 
an important principle, we shall add another proof of it ; in 
the course of which we shall discover the value of the dif- 
ferential coefficient under particular suppositions, and also 
the form under which the new value of the function u may 
be expressed. 

Every relation between a function u and a variable a?, 
expressed by the equation 

u=:F{x\ 
will subsist between the ordinate and abscissa of a curve. 

For, let A be the origin of the rectangular axes, AX, AY, 

In the equation y 

« = F(x), 

make a? = 0, which wili 
give 

w = a constant : 
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lay oflF AB equal to 
this constant. Then 
attribute values to a?, 
from to any limit, 
as well negative as 
positive, and find &om 
the equation 

tfre corresponding values of «. Conceive the values or* 
to be laid off on the axis of abscissas, and the valuer 
of u on the corresponding ordinates. The curve described 
through the extremities of the ordinates will have for it» 
equation 

u = Fix). (I> 

15. Let a? represent any abscissa, AH for example, 
and u the corresponding ordinate HP, 

If now we give to x any arbitrary increment A, and 
make HF = A, the value of u will become equal to FCy 
which we will designate by u\ We shall then have * 

uf=F{x + h). 

But F{x + h) = HP+CD, and HP = u = F{x). 

Now, for a given value of A, CD will vary if P be 
moved along the curve: hence, CD will depend for it» 
value on x and A, and we shall have 

CD = P{x,h): 

the notation, F, F'^ &c., designating new, or different 
functions of x. 
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But since CD becomes 0, when A = 0, h must be a 
factor of the second member of the equation, and we may 
therefore write, 

Hence, t/=: F{x + A) = F(x) + F'(a?, A)A, (2) 
and transposing F{x) = m, we have 

t/^u=:P\x,h)h. (3) 
But since w'— u= CD = tang CPD. A, we have 
i/- tt = tang CPD.h = P'{x, h)h : 
hence, ^^^^ = tang CP2) = F' (a?, A). (4) 

If now we suppose h to diminish continually, the point 
C will approach the point P, the angle CPD will be- 
come nearer and nearer equal to the angle PTHy which 
the tangent line forms with the axis of abscissas. If we 
pass to &e limit of the ratio, we ^hall have 

^^\jtaigPTH=Pff{x); (6) 

and it remains to show that, this dilSerential coefficient is 
independent of A. 

To prove this, we will observe, that whatever value may 
be attributed to A, a secant line, APCy can always be 
drawn through P and the extremity of the corresponding 
ordinate. The ratio of the increments of the ordinate and 
abscissa may then be expressed by the tangent of the an- 
gle CPD ; and since any secant will become the tangent 
P7, when we pass to the limit, it follows that, the limit 
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of the ratio which ^ is represented by the tangent of the 
angle PTH, is independent, of the increment k 

When, therefore, we pass from equation (4) which 
expresses- the ratio of the increment of the function to that 
of the variable, to equation (5) which expresses the limit of 
that ratio,^ the second member of equation (4) must be 
made independent of A, which is done by making Ar=Oj 
and since the second member itself does not become 0, it 
follows that there is at least one terna in i^'(a?, h) which 
does not contain h. 

If then, we divide the second member of equation (4) 
into two parts, one independent of A, and the other con- 
taining A as a factor, it may be written under the form 

r'(x, h) = P^'ix) + F'\x, h)h. 

Substituting this value of P^{xy h) in equation (2), 
we obtain 

u'=zF{x) + P''{x)h + F'''{x,h)J^, 

or, t/=u + F''{x)h + F'^{x,h)}^, 

or by omitting a part of the accents, 

u'=u + P(x)h + F'{x,h)h\ (6) 
Hence, also, 



:P{X) + P^{x,h)h, (7) 

mit 
•^P{x). (8) 



h 
and by passing to the limit 
du 
dx 

16. Let lis now resume the discussion of equation (6^ 
i/^u + P{x)h + F'{x,h)V, (9) 
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His equation expresses the relation which exists b^ 
tween the primitive function u^ and the new Talue 1/ 
which it assumes, when an increment h is attributed to 
the variable x. We see that the new value of the func- 
tion is composed of three parts. 

1st. The primitive function u, 

2d. A function of x multiplied by the first power of the 
increment A. 

3d. A function of x and h multiplied by the second 
power of the increment A. 

We may also remark that, the coefficient of h in the 
second termy is the differential coefficient of the function 
% and that the third term will vanish when we pass to the 
limit or make h = 0. 

In order to render the form of the equation as simple as 
possible, let us make 

F{x)=^P, and P'(:x,h) = P'; 

the equation will then become 

uf^u + Ph + P'h^ (10) 

or, u'-tt = PA + P'A^ 

The coefficient P is in general a function of a?, yet the 
relation between u and x may be such as to make P a 
constant quantity, in which case P^ will be 0, or the 
relation may be such as to render P' constant. TTiese 
cases will be illustrated by the examples. 

17. If we take equation (8), which is 
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and multiply both members by dxy we have - 

du = Pdx: 

hence, the differential of a function is equal to its dif- 
ferential coefficient multiplied by the differential of the 
variable. 

18. The differential of the function may also be ex- 
pressed under another form. . For, if we multiply both 
members of the equation 

by dooj and omit to cancel dx in the first member, we shall 
have 

-rr-da: = PdXy 
doD 

in which either member expresses the differential of the 
function M. 

19. We may conclude from the preceding remarks that 
the differential of a variable function, is the difference be- 
tween two of its consecutive values, by which term we 
mean to designate that difference which cannot be dimin- 
ished according to the law of change to which the function 
has been subjected^ without becoming 0. 

20. We also see that, the Differential Calculus is that 
branch of mathematics, in which the properties of quan- 
tities are determined by means of the changes which take 
place when the quantities pass from one state of value to 
another, 

21. If two variable functions u and v, are so connected 
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together as to be always equal to each other, whateYcr 
value may be attributed to cither of them, their differ* 
entials will also be equal. 

For, suppose both of them to be functions of an inde- 
pendent yariable x. We shall then have (Art. 16), 

But, since vf and i/ are, by hypothesis, equal to each 
other, as well as u and v, we have 

or by dividing by h and passing to the limit 

, du dv 

J dt4 , dv J 

and, -=--aa? = -=— cto, 

ax ax 

that is, the differential of u is equal to the differential of o 
(Art. 18). 

22. The reverse of the above proposition is not gene- 
rally true : that is, if two differentials are equal to each 
other we are not at liberty to conclude that the functions 
from which they were derived are also equal. 

For, if we have the function 

hu + a = F{x\ 
tlie values of a and b will not be affected by attributing 
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•n increment h to a? ; we shall therefore have (Art. 16), 
W+u = bu + a + Pn + FJi^, 

or, hi^^=P+P^h. 

or by passing to the limit 

b'-z—^Py hence, bdu = Pdx. 

Cm! 

Now, bdu iss the differential of the function hu as 
well as of the function bu + a: and hence we msy 
cwiclude 

1st. nat every constant quantity connected with a 
variable by the sign plus or minus will disappear in the 
differentiation, 

2d. TJiat the differential of the product of a variabU 
quantity by a constant, is equal to the differential of the 
variable multiplied by the constant, 

3d. That the differential of a constant quantity ts 
equal to 0. 
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CHAPTER II.. 

Differentiation of Algebraic Functions — Succes* 
sice Differentials — TayWs and Madaurin^S 
Theorems. 

23. Algebraic functions are those which involve the sum 
or difference, the product or quotient, the roots or powers^ 
of the variables. . They may be divided into two classes 
real and imaginary. 

24. Let it be required to find the differential of tha 
function. 

If we give to a? an increment A, and designate t&e 
second state of the function by uf, we shall have 



h 



= ii: 



hefnce, du^adx^ or -^dx^aix. 

25. As a second example, let us take the 6iiietioii 
« = or*. 
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K we give to or an increment A, we have 
«'= ar*+ 2aAa? + «A', 
— ^^=2aa? + aA: 
hence, du=:2axdx. , 

26. For a third example, take the function 

giving to J? an increment A, we have 

^^-=^== 3aa?+ 3aa?A + aA^ 
or passing to the Umit 

-7— =3aa?; hence, du=zSaa?dx. 

CLCC 

. 27. Let us now suppose the function u to be composed 
of several variable terms : that is, of the form 

M = y + z — t(;=F (a?), 

in which y, Zy and w^ are functions of x. 

If we give to x an increment A, we shall have 

M'-.M = (j/-.y) + (2/-;?)-(ti/-ta): 
hence, (Art. 16), 

i/-tt = (PA + P'A?) + (QA+Q'A?)-(LA + L'A«), 
or, HJ=ii=x(P+FA) + (Q+Q'A)-.(Jt + L'A), 
or by pamng to the limit 
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aiid multiply iiig both members by dxy we have 

-^ctp = Pda? + Qctp — i da?. 

But since P, Q, and L, are the differential coefficient^ 
of y, z, and to, regarded as functions of or, it follows (Art. 
17) that, the differential of the sum, or difference of any 
number of functions, dependent on the same variable, is 
equal to the sum or difference of their differentials taken 
separately. 

28. Let us now determine the differential of the product 
of two variable functions. * 

If we designate the functions by u and v, and suppose 
them to depend on a variable x, we shall have 

u'^u + Ph + P'h^ 
v'z=v+Qh+Qh\ 
and by multiplying 

u't/ = {u + Ph + FK") {v + Qh+ Q^h^); 

if we perform the multiplication, and omit the terms which 
contain h% which we may do, since these terms will vanishi 
when we pass to the limit, there will result, 

T — - = vP + uQ+^. 

or passing to the limit, 

d{uv) 
—^^vP + uQ; 

therefore, d{uv) = vPdx + u Qdx = vdu + udv. 

Hence, the differential of the product of two functions 
dependent on the same variable, is equal to the sum of^ the 



^ 
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products which arise hy multiplying each by the differ* 
ential of the other. 

89. If the, differential of- the product be divided by the 
product itsclfy we shall have 

d{uv) __ du dv 
uv ^ u V * 

that is, equal to the sum of the quotients which arise by 
dividing each differential by its function. 

We can easily determine, from the last formula, the 
differential of the product of any number of functions. 

For this purpose, put v = ts, then 

do _ d{ts) _ dt ds 
T""~ ts ~~ ~^ 

and by substituting for v in the last equation, we have 

dj uts) ___ du ^ dt ^ ds ^ 

. — r . " "T" f 

uts u t s 

and in a similar manner, we should find 

d{ utsr ) _ du dt ds dr - 

utsr .... u t s r^ 

If in the equation 

djuts) __ du dt ds 
uts "" u t sT* 

we multiply by the denominator of the first membeii we 
shall have 

d{uts) = tsdu + usdt + utds ; 

and hence, the differential of the product of any number 
^ functionSi is eqtml to the sum of the products which 
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arise by multiplying the differential of each Junction hf 
the product of the others. 

30. To obtain the differential of a fraction of the form 
— we make 

V 

— = f, and hence u^to. 

V 

Differentiating both members, we find 
du = vdt + tdv ; 



— f we obtain 

V 



finding the value of dt, and substituting for t its yalne 

,. du udv 
at=z —, 

V if 
or by reducing to a conmion denominator 

j^ vdu^udv » 

dt = ^ ; 

hence^.^Ae differential of a fraction is equal to the^denfh 
minator into the differential of the numerator ^ minus the 
numerator into the differential of the denominator^ divided 
by the square of the denominator. 

31 . If the numerator u is constant in the fraction t s -p^. 

V 

its differential will be (Art. 22), and we shall have : 

,^ udv dt u 

dt=—^, or -^=^-^' 

When u is constant, ^ is a decreasing function of v(Art, 
4), and the differential coefficient of t is negative. 
This is only a particular case of a general proposition 



f0 xiiSiCBirTs ^r trb 

For^ let I* be a decreasing function of x. TheOi if we 
give to a any increment, as + &, we hare 

But by hypothesis u>vf '^ hence, the sectxid member 
is essentially negative ; and passing to the limits < 

dx 

lieBce, a decreasing fimction and its differential coeficient 
will be affected with contrary signs. 

82. To find the differential of any power of a function^ 
let us first take the function t<\ in which n is a positive 
and whole number. This function may be considered aa 
composed of n factors each equal to u. Hence^ (Art. 2S% 

dlu"") _ d{uumi . . . .) _du du du du 
tt" "■ {uuuu j^V u u u 



But Bince there are n equal factors in the first member^ 
Atere will be % equal terms in the second; hence, 

d(if") __ ndu ^ 

tfiercffote, d («*) = mP'^da, 

r I 

If n 18 fradtional, represent it by — ^ and make 

. s 

r 

» = u*, whence, tf=:ff; 
«tid since r and s are supposed to represent entire 
kers^ we shall haye 
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fiom which we find 



or hy ledacmg 



cfo = — tt* du; 
s 



t 



which is of the sanie form as the function 
far substituting the exponent — for n. 

8 

FInaUy, if n is negative, we shall have 

u 
firom which we have (Art. 31), 

hence, by reducing 

Hence, generally, the differential of any power <f a 
funcHan^ is equal to the exponent mydtiplied hy the Junc' 
Hon with its primitive exponent minus unity, into the 
differentidt of the function. 

33. Having frequent occasion to differentiate radicals of 
Ae second degree, we will give a specific rule for this 
class of functions. 

Let V = VV or t; = w^; 

1 1-.1 1 «i du 

then, dv = —u* du:si—u *du=:- 



g. ^^^. —^^. 
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that isy the differential of a mdical of the second degree^ 
is equal to the differential of the quantity under the stgn^ 
divided by twice the radical. 

34. It has been remarked (Art. 2), that in an equation 
of the form 

u^F{x\ 

we may regard u as the function, and x as the variabley 
or X as the function, and u as the yaxiable. We will 
now show that, the differential coefficient which is obtained 
by regarding vl as a function of x, is the reciprocal of 
that which is obtained by regarding x as a function of u. 
If we consider u as the function, the ratio of the' in- 
crements will be represented by 
u' — u 1 



a/ — X X — X 



(1) 



vl ^u 
or since a/ — a? = A, we have (Art. 16), 
vl'-u 1 1 



1 



Ph + Fh^ P + P^h 

or by passing to the limit 

du I 

do? "* J^' • 

P . 

But when we pass to the limit, the denominator of the 

dx ♦ 
second member of equation (1) becomes -j-; hence, 

(fo _ 1 _ 1 
du P fdu\ 
Kdx) 
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To illustrate this by an example, let 

1 
u=:a?f whence x = -^u^ u^* 

Now, -^ = 3a?=:3u'; 

but regarding x as the function 

da? 1 -1 1 
du 3 ^ f 

35. If we have three variables u, y, and a?, which are 
mutually dependant on each other, the relations between 
them may be expressed by the equations 

tt = F(y), adi y = F(a?). 

tf now we attribute to x an increment A, and designate 
; by &, the change which takes place in y, we shall have 
(Art. 16), 

vf^u + Pk + FJc', j/^y+Qh+QHf, 
and !^^ = P + Pk, ^^ = Q+Qfh^ 

If we multiply these equations together, member by 
member, we shall have 

'!L^x^^ = iP + Pk){Q + Qh); 

but k = y^'-y; hence, by dividing and passing to the 
limit, we have 

du _ du dy^ 
dx dy dx 

and hence, if three quantities are mutually dependant on 
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each other, the differential coefficient of the first regarded 
as a function of the thirds will be equal to the differential 
coefficient of the first regarded as a function of the secofidf 
multiplied by the differential coefficient of the second re^ 
garded as a function of the third. 

36. Let us take as an example 

V = fez^, ^ u = aa^y 
we find 

du dx 

Bat, ^=.^x-^^ZMx2ax = QaMx; 

CLOP QfU CLCC 

and by substituting for m', its value o^a?*, 

--- = ^c? bcf. and dv = 6c?baPdx. 
dx 



EXAMPLES. 

1. Find the differential of u in the expression . 

Put fl?--a? = y, then M = y*, and the dependence be- 
tween u and Xf is expressed by means of y, and u iB 
an implicit function of x. Differcntiatmg, we find 
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by multiplying the coefficients together we obtain 

dx 2^ Va» — a* 

hence, 

2. Find the differential of the function 

tt = (a + feaj^) . 
Place a + baf^=zy: then M = y*; and 

-—z=zmy^ :=m{a + bar) 
(ty 



bence. 



-r- = mnb{a + oar) a?" • 



3. Find the differential of the function 
u = a?(a' + a?) ^/c^—cf^ 

in which the operations in the last two terms are only 
indicated. If we perfram them, we find 

d{€? + s/)- d{cf) = 2xdxj 

^ /H— 3 d{^i^) --xdx 
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Substituting these values, we find 



or, reducing to a common denominator and cancelling tlie 
like terms, 



dui 



{of'^(^o?-\x'')d^ 



4, Find the differential of the function 



w = 



a'^ -Y a^o? -^r d'' 



from which Ave find 
6. Find the differential of the function 

Make y = i s = v'(t.«-a?')*, 

then we shall have 
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we therefore have (Art. 32), 
3 



= X^«-y + *)V d{a^y + z). 



Vt 



--3€?y + 3& 

4/- ;•. 

4Va-y+z 
Bur firom the equations above, we find 

j^ jf ^ \ ^dyfoT . —Ma? 



Substituting these values of dy and dz, in the ex- 
pression for duy we find 



<2ii = 



3b 



4a: 



5a? Vi T?-a» 






^(£r. 



6. w = . 



•^- «=^' 



<6i = 



({» = 



— ndx 



8. 
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' . . V2ax+a?' 
11. u= } .jj._ xdx 



(1^0^)^ 

12. u= '" . , ^»- (fe 

I. ,' ■ ■ 

_ noT-^dx 
dU' 



17. 


« = 


"(i+o^r 


18. 


tt = 


i+*» 



(l + a?)"+» 






30 „-v5±£±VIH£ ^..- <fe(i+VTrp) 

21. Find the differential coefficient of 

An^. 320!* — 9^:^ — 5. 

22. Find the differential coefficient of 

F{x) = {a? + a){3a^+b) 

Arts. 16a^ + 3a?6 + 6aa. 

23. Find the differential coefficient of 

F(ar) = (aa? + a?)*, 

Ans. 2(aa? + a;^)(a + 2a?). 

24. Find the differential coefficient of 

F{a^)^ 4 , 



Ans. 



yi-a?(l + 2a?Vl-a?)* 

Qf Successwe Differentials. 

37. It ha9 been remarked (Art. 16), that the differ- 
ential coefficient is generally a function of x. It may 
therefore be. differentiated, and x may be regarded as the 
independent variable, A new differential coefficient may 
thus be obtained, which is called the second differential 
coefficient. 
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38* In passing from the function ,u to the first differ- 
ential coefficient, the exponent of x in every term in 
which a? enters, will be -changed; and hence, the rela- 
tion which exists^ between the primitive function u and; 
the vaxiaUe a?, is different from thstt which will, exist 
between the fosrt differential coeffix^ient and a:: Hence, 
the same change in x will occasion different degrees of 
change in the primitive function and in the first differential 
coefficient. ^ 

The second dijfferential coefficient will, in general, be 
,a function of x: hence, a new differential coefficient 
may be formed from it, whiqh will also be a function 
of X ; and so on, fc«: succeeding differential coefficients. 

If we designate the successive differential coefficients 

by 

p, q, r, s, ^&c^ 
we shall have 

du dp ^9 

, ^=-p^ £=^^ 2="' ^°- 

But the differential of p is obtained by differentiating 
its value •-=-, regarding the denominator dx as con- 

CLX 



stant; 


we therefore have 




( 






'(£)- 


= dp. 


or. 


dhl 

dx 


= dry. 


and by substituting for dp its value. 


we have 


\ 




dht 
da? 


= q. 
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The notation d% indicates that the function u has 
been differentiated twice, and is read, second differential 
of u. The denominator da^ expresses the square of the 
differential of x, and not the differential of o?. It is 
Ttody differential square cf x, or differential of x squared* 

If we differentiate the ralue of y, we have 

hence, -7-3= ^» *c., 

cur 

and in the same manner we may find 

d*u_ 

dhi 

The third differential cbefKcient -j-r, is read, diiid 

oar 

differehtial of 41 divided by dx cubed; and the differ- 
ential coefficients which succeed it, are read in a similar 
manner^ . . 

Hence, the successive differential coefficients are 

du dht dhi d*u . 

di=P' ^=^' 1;?=''' 7Ef=*' ^^ 

"J 
from which we see, that each differential coefficient is 
deduced from the one which precedes it, in the same 
way that the first is deduced from the primitive function. 

39. If we take a function of the form 

u=:aaf^f 
4* 
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we shall hayie^ for the first differential coefficient,. 

cte . 

If we now^ Consider », a, and da?, as constant, we 
shall have for the second differj^ntial coefficient 

■^ = »(»-l)aa^-*, 



and for the third, 

^ = n(n — l)(n T- 2^) owe? 



d^u , .., ^. _, 



and for the fourth, 

^ = n(ft - 1)(« - 2)(n - a)a*^-* 

It is plain, diat when n is a positive whole nmnber, the 
JiuietioB ' , 

wffl have n differential coefficients* For, when n dif- 
ferentiations shaU have been made, the exponent of ^ in 
the second member will be 0; hence, the nth differential 
coefficient wiU be constant, and the succeeding oives will 
be equal to 0. Thus,; 

|^»n(»^lK»-«)(n-8) a.l, 

m^ <*"*'« ft 
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Ton/kn^s Theorem. 

40. Titlor's Theorbm explains the method of de« 
Teloping into a series any function of the sum or difference 
of two yariables that are independent of each other. 

41. Before giving the demonstration of this theorem, 
it will be necessary to prove a principle on which it de- 
pends, viz : ififfe have a function of the sum or difference 
of two variables of the form 

u^F{x±y\ 

the differential coefficient will be the same if we suppose x 
to vary and y to remain constant, as when we suppose j 
to vary afid x to remain constant. 

For, make a? ± y = a/ r 

we shall then have 

u^F{a/) 

If we suppose y to remain constant and x to vary, 
we have 

daf^dx^ 

and if we suppose x to remain constant and y to vary, 
we have 

daf-dy. 

But since the differential coefficient p is independent 
of da! (Art. 15), it will have the same value whether, 

da! ^dx^ or, da/ ^dy. 
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To iUusfxate this principle by. a particular example, iet 
us take 

w = (a? + y)". 

If we suppose x to yary and y to remain constant^ 
we find • 

and if we suppose y to vary and x to remain constant^ 
we find 

the .same as under the first supposition. 
42. It is eyident that thfe 

F{x + y), ' 

must he expressed in terms of the two variables x and y, 
and of the constants which enter into the function; 
Let us then assume 

F(a? + y) = A + %«+q/ + JD/ + ,&c., 

m which the terms are arranged according to the ascend* 
ing powers of y, and in which A, B, C, JD, &c., are inde- 
pendent of y, but functionls of a?, and dependant on all 
the constants which enter the primitive function. It is 
now required to find such values for the exponents a, h, c, 
&c., and the coefficients A, J?, C, D, &c., as shall ren- 
der the development true for all possible values. which 
may be attributed to x and y. 
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In die first place, there can be no negative exponents. 
FtMT, if any term were of the form 

it niay be written 

B 

and making y s= 0, this term would become infinite, and 
we should hare 

F(x) = oo, 

which is absurd, since function of a:, which is independent 
of y, does not necessarily become infinite when y = 0. 

The first term A, of the development, is the value 
which the primitive function assumes when we make 
y = 0. If we designate this value by tt, we shall have 

If we make' 

F{a: + y) = t/, 

and dififerentiate, under the supposition that x varies and y 
remains constant, wo shall have 

duf dA dB ' , dC . , dD J, , . 

and if we differentiate, regarding y as. a variable and x 
as constant, we shall find 

-|^=aBy-^ + 6Cy-^ + cDy^-^+,&c.: 

But these difierential coefficients are equal to each other 
'Art. 41); hence, the second members of the equations 
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ar^ equal, and since the , coefficients of the series f re 
independent of. y, and the equality eiists whatever be thq 
value of y, it follows that the corresponding terras in each 
series will contain like powers of y, and that tho coef- 
ficients of y in these terms will be equal (Alg. Art. 244). 
Hence, 

b — 1 = 0, i — l = aj c — 1=*, &c., 
and consequently • " 

a=l, 6 = 2, c = 3, &c.; 
and comparing the coefficients, we find 
' r. dA ' I dB ^ I dC 



dx . 2 dx ' 3 da^ 

And since we have made 

c, ,. 
jP(a?) = A=w, and F(a7 + y) = w', 

we shall havo 



dx' ' l.2dc?' \.2.3da?' 

and consequently, 

43. This theorem, gives the following development for 
the function 

w=:af, -^ = 7Ut^*"*, ■^-=n(n — l)a?""*, &c.; 
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hence, 

44. The theorem of Taylor may also be applied to the 
development of the second state of any function of the 
fbnn 

when X receives an arbitrary increment h, and becomes 
x+h. For, if we substitute h for y, we have 

hence, the difference between the two states of the func* 
tion is 

, du^ ^ d^u h^ ^ d?u h^ . . 

dx da? 1.2 da? 1.2.3 * 

in which the difference is expressed in terms of the 
differential coefficients and the ascending powers of the 
mcrement. 

If we now suppose h to diminish continually, the sign of 
the limit of the series will depend on that of the first term 
— A, or if A is positive, on that of the coefficient -j-. 

Fot, by dividing by A, we have 



I 



' u'--u _du ^ dhi h ^ cPu h^ , . 

~h H^da? 1.2^1^1.2.3^' *''•' 
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and by passing to the limit ' . 

dx 

hence, when a series is expressed, m the powers of a 
variable which we ' suppose to be continually diminished, 
the sign of the limit of the series will depend on the sign 
of the term which contains the lowest power of the variable^. 

45. Remark: The theorem of Taylor hast been demon- 
strated under the supposition, that the form, of the function 

• vf=Fix + yl 

is independent of the particular values which may»be 
attributed to either of the variables x or y. Hence, when 
we make y = 0, and obtain 

F{x) = ui 

this function of x o\ight to. preserve the same form as 
JP(a?,+ y); else there would be values of a? in one of the 
functions, 

u'=F{x + y), u = F{x), 

which would not be found in the other, and consequently 
some of the values of x would be made to disappear when 
a particular value is assigned to y, which is entirely con- 
trary to the supposition. 

If the function be of the form 



uf=zb+ Va — j; + y, 
we shall have 

u=zb+ Va — X. 
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If we now make ^ = a, we shall have 

uf =b+ '\/yi' and « = 6, 

in which we see, that u' and u are expressed under dif- 
ferent forms ; and hence, the particular value of y = 
changes the form of the function, which is contrary to the 
hypothesis of Taylor's theorem. When, therefore, the 
function 

ur=zF{x + fl 

shall change its form by attributing particular values to 
J? or y, the development cannot be made by Taylor's 
theorem. 

46. The particular supposition which changes the form 
of the function will, in general, render the differential 
coefficients in- the development equal to infinity. 

If we have 



then, u =c-\- Vf+^y 



du 


1 


dx- 


1 


da»~ 
dht 


2x2(/+x)T 
1 .3 


da? = 


s 



&c. &c. 

in which all the coefficients will become equal to infinity 
wh^ we make — jp =/• 
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47. If we have a function of the forai 

in which n is a whole number, all the differential coeflSi- 
cients of w, for x-=a will become infinite. For, we have 



faencei 





= 6+-C/5 




= b + {a 


1 


u 


— a?: 


-^r, 




du_ 
da~ 


1 


1 






(a 


. — a;) " 


> 




dhi 


(1- 


n) 1 






da? ~ 


w« 


(«- 


2n-l' 

X) ' 



&c. &c. 

all of which become infinite when we make x==a, 

Maclaurin^s Tlieorem, 

48. Maclaurin's Theorem explains the method of 
developing into a series any function of a single variable. 
Let us suppose the function to be of the form 

u = F{x). 

It is plain that the value of F{x) must be expressed in 
terms of a?, and of the constats which enter into F{x), 
Let us therefore assume 

u-A + Bar+Ca? + Dcif+, &c., 

in which the terms are arranged according to the ascend- 
ing powers of x^ and in which A^ B^ C, A &<^*» ^^ 
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independent of Xy and dependent on the constants which 
enter into F{x), 

It is now required to find such values for the exponents 
fl, 6, c, &c., and the coefficients -A, B, C, D, &c^ as 
shall render the development true for all possible values 
which may be attributed to x. 

If we make a? = 0, w takes that value which the F{x) 
assumes under this supposition, and if we designate that 
value by U we shall have 

U =:A. 

The first differential coefficient is 

^^^aBx^-' + bCx'-' + cDaf-' + dc, 
dx 

and since this does not necessarily become when we 
make x = 0, it follows that there must be one term in the 
second member of the form x^ : hence, 

a— 1 = 0, or a = l; 

and making x = 0, we have 

— =zB 
dx 

The second differential coefficient is 

^ = 6(6-l)Ca?*-* + c(c-l)iV-* + &c.; 

but since the seccHid differential coefficient does not neces- 
sarily become 0, when a? = 0, we have 

6 — 2 = 0, or 6 = 2: 
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hence, by making a? = 0, we. have 

-^ = 2C, or C = ^-. 

We may prove in a similar manner that 

c=:3 and D^-r-^—-—-, &c. 
da^ 1.2.3 

If then we designate by U what the function beccraies 
when we make a? = 0, and by If, lf\ U^\ &c», what 
the successive differential coefficients become under the 
mme supposition, we shall have 

49. The theorem of Maclaurin may be deduced imme- 
diately from that of Taylor. 
In the development 

(ir^(ic* 1.2 da?* 1.2.3 
Ae coefficients n, -j— , --73, &c., 

are functions of Xy and also dependent on the constants 
which enter into F{x+ y). 

If we msd^e a? = 0, the F{x + y ) becomes F(y), and 
each of the differential coefficients being thus made inde* 
pendent of Xy will depend only on the Ci^stants which 
enter into F{x + y\ and which also enter into F(y). 
Hence, if we designate by 

u, Uy v\ ir\ w'\ &c.. 
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the values which the coefficients assume under this 
hjrpothesis, we shall hare 

50. If we take a function of the fonp 
u = (a + a?)", 



we shall have 



^ = «(a + ;rr'. 



g = n(n-l)(a + xr'. 

&c. = &c. 

which become, when we make a? = 0, 

U=a\ ir=:na'^'\ I7' = n(n-. l)a— *, 6ce.; 
hence, 

(a + a?)" == a" + na--*a? + ^^J-^a-- V + &c. 

1 (S 

51. Remark 1. The theorem of Maclaurin has been 
demonstrated imder the supposition that the F(dc) reduces 
to a finite quantity when we make x = 0. The case, 
therefore, is excluded in which a? = renders the function 
infinite. Thus, if we have 

uszcotXf tt=:cosecd7, or u=:Iog^, 

and make ^ = 0, we find ti = oo ; hence, neither of these 

functions can be developed by die theorem of Maclaurin. 

5* 
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Remark 2. We have already seen (Ait. 45.), that the 
dieorem oi Taylor does not apply to those cases m 
which the form of the function is changed by attributing 
a particular value to one of this variables : the theorem 
therefore fails for particular values, but is true for all 
others, and hence, the general development never fails. 

In the theorem of Maclaurin the failure arises from the 
form of the function : hence, it is the general development 
which fails, and virith it, all the particular cases. 

SXAHFLES. 

1. Develop into a series the function 

1 

8. Develop into a series the function 

ti = ^K-ra?)» =J(i - J)\ 

3. Develop into a series the function 

«=-4-=«-(i+i^)"\ 

a + x \ «/ 

4. Develop into a series the function 



W^S' 
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CHAPTER III. 

Of TraTiscendental Functions. 

52. If we have an equation of the fonn 

« = (!•, 

in which a is constant, it is plain that u will be a function 
of X ; and if a be made the base of a system of logarithms^ 
X will be the logarithm of the number u (Alg. Art, 257). 
When the variable and function are thus related to each 
other, u is said to be an exponential or logarithmic funcr 
Han of X, 

53. The functions expressed by the equations 

u=9mXf u^zcosXf i/ = tanga7, u^zcotx^ &c^ 

are called circular functions. 

The logarithmic and circular functions are generally 
called transcendental functions^ because the relation be^ 
tween the function and yariable is not determined by the 
ordinary operations of Algebra. 

Diffhrentiation of Logarithmic Functions. 

54. liet us resume the function 
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If we give to x an increment A, we have 

and t/-i^=ra'**-a'=?a*((^-l). 

In order to develop a*, let us make a = 1+6, we shall 
then have 

hence, 

1 1 '^ 1.2 »3 

from which we see, that the coefficients of the first power 
of h will be ^ 

replacing b by its value a — 1, and passing to the limit, 
we obtain 

(te-<ic V 1 2^3 ^V' 

or if we make 

a-1 (a-iy , (a-iy . 

--— ssAflj*, or da' :=ihfdx ; 
ax 

in which % is dependent on a. 
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The successive differential coefficients are readily foand. 
Por we have 

'daf\ 



d(^) = <fa'A = a'A»d»; 



haice, _.=a'*», 

55. It is now proposed to find the relation which exists 
between a and k. For this purpose, let us employ the 
formula of Maclaurin, 

If in the function 

and the successive differential coefficients before found, 
we make a?=:0, we have 

1/^=1, V^Ji, W^}?, W'z^J^, &c.; 
hence. 

If we now make ar= — , we shall have 
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designating by c the second member of ^he equation, and 
employing twelve terms of the series, we shall find 

6 = 2.7182818^ 

i. ' '- 

hence, a* = c, therefore a = e*. 

- But, 2.71 8281 8 is the b?ise of the Naperian system of 
logarithms ( Alg. Art. 272) ; hence, ih^ constant quantity 
k is the Naperian logarithm o/" a. 
By resuming the result obtained in Art. 54, 

da!' = a'kdx, 

we see that the differential of a quantity obtained by 
raising a constant to a power denoted by a variable ex- 
ponent, is equal to the quantity itself into the Naperian 
logarithm of the constant, into the differential of the, 
exponent. 

56. If now we take the logarithms, in any system, of 
both members of the equation 



^e shall have 



kle = la, or ft = -^, 



d(f = k<fdx = -r-<fdx ; 
le 



whence, 

or by recollecting that 

u = a% 
we have 

dx^ le * 
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or, if we regard a? as the function, and t/ as the variabley 
we have (Art. 34), 

dx_^lel 
du^ la a'' 

Let us now suppose a to be the base of a system of 
logarithms. We shall then have a?=: the logarithm of 
K, Za=l, and Ze= the modulus of the system (Alg. 
Art. 272); and the equation will become 

d{lu) = le—, 
u 

that is, the differential of the logarithm of a quantity is 
equal to the modulus of the system into the differential of 
the quantity divided by the quantity itself 

57. If we suppose a = e the base of the Naperian 
system, and employ the usual characteristic V to desig- 
nate the Naperian logarithm, we shall have 

dil'u) = ^; 

that i», the differential of the Naperian logarithm of a 
quantity^ is equal to the differential of the quantity divided 
by the quantity itself 

The last property might have been deduced from the 
precedmg article by observing that the modulus of the 
Naperian system is equal to unity. 

58. The theorem of Maclaurin affords an easy method 
of finding a logarithmic series from which a table of 
logarithms may be computed. If we have a function of 
the form, . 

i4 = J'(a!r)=:£r, 
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we have already seen that the development caBnot be 
made, since F{x) becomes infinite when a? = (Art, 51.) 
' But if we make 

u=zF{x)=zlil+x)y 

the function will not become infinite when a? = 0; and 
hence the development may be made. 
The theorem of Maclaurin gives 

« = F{x) = J7+ V^+U"f^+ U"'j^ + &c. 

If we designate the modulus of the system of the loga- 
rithms by A, we shall have 

If we now make a? = 0, we have 

tr=0, V = A, W^^A, U/' = 2A,&cc.\ 
hence. 

This series is not sufficiently converging, except in 
the case when j? is a very small fraction. To render tho 
series mxxe converging, substitute —xioxx : we then have 

'o-')=^(-'-T-T-T-r-*'-) 
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and by subtracting the last series from the .first, we obtain 

/(l+^)-/(l-x) = /(i±D = 2A(^+^+^+ &c.) 
If we make 

— 1 H f we nave x = 



1— a? n 2n + z' 

and by observing that 

'(•+v)='r-T^)='(»+"-'^ 

we have 

^ ^ [_2n+z 3\2n+zJ 5\2n+zJ J 

from which we can find the logarithm of n + ;r when the 
logarithm of n is known. This series is similar to that 
found in Algebra, Art. 270. 

If we make n = 1, and ar = 1, we have Zl = 0, and 

If we make the modulus A = 1, the logarithm will be 
taken in the Naperian system, and we shall have 

Z'2 = 0.693147180, 

.2Z'2 = r 4 = 1.386294360 ; 

and by making jt = 4, and n = 1, we have 
Z'5 = 1.609437913, 

and Z' 2 + Z' 6 = ZaO = 2.302585093. 

6 
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If we now suppose the first logarithms to have been 
taken in the common system, of which the base is 10, we 
shall have, by recollecting, that the logarithms of the same 
number taken in two different systems are to each other 
dJi their moduli ( Alg. Art. 267), 

no : no : : A : 1, 

or, 1 : 2.302585093 : : A : I; 

'^''^'' ' ^= 2^258509- = ^-^^^^^«^- 

Remark. To avoid the inconvenience of writing the 
modulus at each differentiation (Art. 56), the Naperian 
logarithms are generally usqd in the calculus, and when 
we wish to pass to the common system, we have merely 
to multiply by the modulus of the common system. We 
may then omit the accent, and designate the Naperian 
logarithm by Z. 

59. Let us now apply these principles in differentiating 
logarithmic functions. 

1. Let us take the function u = l( . -^ j. 
Make 



dz 
and we shall have du = — , 

z 



but dz^ r^r: — 5 =7 rjf 



fl?+a? 



(a^+«^)^ 
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€?dx 



whencey du = 



2. Take the function u = ^["^^£±-^31; 



u^im^ly^K and du^^^^. 



and make yi+a?+ yi— a?=^y, yT+jp— yi— jr=sjr, 
which gives 

But we have 



2Vl+a? 2Vl-a? 2VT=^^ / 

_ ydx 

Whence, 

% dz __ zd^ ydx 

y ^~'"2yl/T3^"'2zVr=V • 



and observing that y*+ z'= 4 and yz =: 2a^ 

da? 



we have (& == 
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dx 



8. u^i(,+ VTT^y /"=7!t^- 

• rVlT^-Ml^ da? 

Lvi + a? — oxJ Vl + a?, 

6. w = ZM7==i= 7== , dw=- 7== 

Lva + a?— Va — ojj a?Va^— a? 

60. Let us suppose that we hsive a function of the form 

w = (ir)". 
Make lx=zZy Nand we have 

M5=j2f, du = 7i«"~*d2r, 

and substituting for z and cZar their valued, 

a? 

61. Let us suppose that we have 

w = Z(ir). 
Make Ix^Zy and we shall haye, 

1 , J dz J dx 

Z X 

hence, - - ciu = — r— .' 

xlx 
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62. The rules for the difierentiation of fegarilbmie fimc- 
tions are advantageously applied ki the differentiation of 
complicated «xponenticd functions. 

1. Let us suppose thajt we have a function of the form 

in which z and y are both yariables. 

If we take the logarithms of both meailberSy we h«M 

lu=:iflz; 

hence, — z=:dylz + y — ; 

u ^ 

or, 4ii = ulzdy + uy—^ 

Si 

or hf substituting for u its value 

du^dz^ = 'sS'lzdy + yj^'^dz. 

Hence, ^Ae differential of <a function which is equal id 
-a variable root raised to a power denoted by a variable 
exponent, is equal to the sum of the differentials which 
ariscy by differentiating^ first under the supposition 
that the root remains constant^ and then under the stg^ 
position that Ike exponent remains constant (Arts. 59^ 
and S2). 

2. Let the i«aciti<»i be of die fana 

u=zd. 
Hake, 2^ =9, and we shall them has^e (Art 55), 

<Kr=a^ iu::^€l'ledyi but dyz=iVlbdx^ 
Itence, fdu=z cfb'kMki. 
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3. liCt US take as a last example 

in which z, t, and Sy are variables. 
Make^ f = yj we shall then have 

u=sf^y duz=zs?lzdy + yz^''^dz. ^ 

But dy:=fltds + sf''^dt; 

hence, du = z^lz{fltds + sf^dt) + tzf-^dz, 

du = ^f{ltlzds + ^+^. 

Differentiatton of Circular Functions. 

63. Let us first find the differential of the sine of an 
arc. For this purpose we will assume the formulas (Trig. 
Art. XI?C), 

sina cosfe + sinft cosa 



sm (a + 6) = 



sin (a — 6) = 



R 

sina cos b — sin & cos a 



R 

If we subtract the second equation from the first, 

. , . ,v . , ,v 2sin&cosa 
8m(a + o) — 8m(a — o) = g 

and if we make a + b=x+hf and a^b=:x, we shaD 
have 

8rini.>co.(>+i.^) 
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and dividiiig bodi members by hy 

• / . r\ Ssin— Acosfa: + — A) 

8m(d? + A) — 8map _ 2. \ 2 / 

* hR ' 

sin— A cos (* + -^i) 

If we now pass to the. limits the second factor oC the 

second member of the equation will become -^r—-. 

K 

sm-:rA 
2 
In relation to the first factor — r — its limit will be unity. 

^ \ iZsina , sina cosa 

ror, tanff a = . whence = —=r-; 

® cosa tanga R ' 

Now, since an arc is greater than its sine and less than 
its tangent* 

sina ^ , J sina ^ sina 

<1, and >; ; 

a a tanga 



* The arc DB is greater than a strug^ line 
drawn fiom D to B^ and oonaequently greater 
tfian die line DE drawn perpendicolar to JiB. 

Tbe area of the aector JiBD isequal to 
i^iBXBJD, and the ar«i of the tiiangfe 4BC 

metpalto^JiBXBC. But the aector is lesa 
tiiaa the toanijiebemg contained within it: henoe^ 

^MXBD<:^JiBXBC, 

BD< BC 
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hence, the ratio of the sine divided by the arc Is nearer 
unity than that of the sine divided by the tangent. But 
when we pass to the limit, by making the arc equal to 0, 
the sine divided by the tangent being equal to the cosine 
divided by the radius, is «qual to unity : hence the limit 
of the ratio of the sine and arc, is unity. 

When therefore we pass to the limit by making A = 0, 
we find 

d sinap __ cos a? 
'~d^^~M''' 

coBxdx 



hence, dsinx 



R 



64. Having found the differential of the sine, the diffe- 
r«itials of the other functions of the arc are readily de- 
duced from it. 

cos a? = sin (90° — a?), dcos a? = (2 sin (90^ — a?), 

and by the last article, 

<isin(90o — a:) = — cos(90o — a?) d{90^ — a?), 

a 

= — -^cos (90^ — x)dx : 

, , mnxdx 
heace, acosa?= -= — ; 

XL 

the differential of the cosine in terms of the arc being 
negative, as it should be, since the cosine and arc are 
decreasing functions of each other (Ait 31.) 
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65. Since the versed sine of an arc is equal to radius 
minus the cosine, we have 

, . j,^ . sin aria? 

aver-8ina7 = a(/C — co8a?) = — — — . 

R 

XL Sin X 

66. Since tang x = , we have (Art. 30), 

cos X 



J , R cosxd sina? — R &'mxd cosa? 
dtangar= ^ ^ 



_ (cos^+ siv?x)dx 
"~ cos*a? 

but cos^a? + sin^o? = R^ : 

R^dx 



hence, d tang a? = - 



jR2 

67. Since cotar = , we have 

tang 07 

d t — «.^!^i?E85— ^^ 

"" tang^a? ~" tang^a? cos^a? 

but, tang^a? = 5— ; 



lience, acota?= t-t:—; 



which is negative, as it should be, since the cotangeni is a 
decreasing function of the aic. 
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68. Since seca? = , we have 

cos 07 

, B?d cosa? jR sihxdx 

<X8eca?= r = ^ : 

cos'^o? cosrx 

, ^ jR sin J? ^ - J B? 

but, . = tang a?, and = sec a? ; 

cos a? cos J? 

V J seci? tamsxdx 
hence, a seca? = ~^ . 

jR2 

69. Since coseca? = — : , we have 

siri X 

J R^d sina? R cosxdx 

a cosec a? = - 



hence, d cosec a? = 



sin'^a? sin^a? 

cosec a? cotxdx 



R^ 



70. If we make jR=l, Arts. 63, 64, 66, 66, 67, 
will give, 

(2 sina?= cosa7cZa? (1), 

d cosa: = — sinajda? (2), 

d ver sina? = ?mxdx (3), 

The differential values of the secant and cosecant are 
omitted, being of Uttle practical use. 

71. In Ureating the circular functions, it is found to be 
most convenient to regard the arc as the function, and the 
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sine, cosine, vereed-sine, tangent, or cotangent, as the 
variable. If we designate the variable by i/, we shall 
have in (Art. 63) sin or = u, and 

J Rdu Rdu 



cos a? Vr^^u^' 
If we make cosa: = tt, we have (Art, 64), 

da? = - ^^^ _ _ Jt<J^ 

sin a? ~" V^'Zlia 

K we make ver-sina? = «, we have (Art, 65), 

, Rdu 

dx^—. . 

sma? 

But, 8ina:= -/iJ^— cos'^a?, and cosx=/J— ii, 

therefore, cos^a: = iJ'^ — 2 i?M + 1^, 

hence, sin go = ^/%Ru — ^J^, 

and consequently, dx = -7== 

V2J?w-M^' 

If we make tang a? = w, we have (Art. 66) 

cos^xdu 



da?=- 



U* ^ 



• . cos a? jR , cos^a? R^ iP 

but — 5— = , hence -7i^= — ^^-tss— r-. 

jR seca? JS^ seclr IP+tang^a? 

hence, . dx^^ff^. 
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Now, if we make ii = l, the four las| formuloi 
become 

J . du J du 



Vl-^tl^ ' Vl - M^ ' 



, (Zw \ du 

Cte = — , CRl? 



and these formulas being of frequent use, should be care- 
fully committed to memory. 

72. The following notation has recently been introduced 
into the differential calculus, aiid it enables us to designate 
an arc by means of its functions. 

^in"^w = the arc of which u is the sine, 

cos"'t*= the arc of which u is the cosine, 

XdJig^hi— the arc of which t^ is the tangent, 
&c. (Sec. &c. 

K, for example, wc have 

du 



a? = sin *!/, then, cir = 



Vl-w^* 



78. We shall now add a few examples. 
1. Let us take a function of the form 

a? = cosa;^'. 

Make cos or = 2:, and sina7='y; 

then, w = 2^ and (Art. 62); 

du=zz^ Izdy + yz*''^dz: 
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tiao, dz=z —ainxdXf and dy=zcoBxdx: 

hence, <2ti = z*(lzdy + '^dz\ 

V cos* / 

2. Differentiate the function 

3. Differentiate the function 

a? = cos"' (tt Vl— tr^) 

4. Differentiate the function 

5. Differentiate the fiuicdon 

6. Differentiate the function 

74. We are enabled by means of Maclanrin's theorem 
and the differentjals of the circular functions, to find the" 
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value of the principal functions of an arc in tenhs of the 
arc itself. 

Let u = F{x) = sin a? : then, 

du cPu . (Pu 

v- = coso?. -r-3- = — smo:, -7-^ = — coso?. 

ax dor . dor 

-7-7 = sino?, -rrr = + cosa?. 
da?* dcf 

If we now tender the differential coefficients independent 

of Xy by making a? = 0, we have (Art. 49), 

• - 

V=0, ^ = 1, IJ" = 0, '-V"' = -l, 
V""=0, U"'"= + l: 

hence, sin^ = ^-^ + ^-^^-&c. 

75, To develop the cosine i^ terms of the arc, make 

u = F{x) = cos X ; then, 

da , dhi d?u . 

dx dor dor 

dSi dPu , 

-y-7 = cosa7, -r-r-=— sma:, 

and rendering the coefficients independent of x, we have 
hei^ce, cosa.;=l^-^^+j^^&c. 
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Hie last two formulas are Tery conyenient in calculaluig 
the trigonometrical tables, and when the arc is small the 
series will conyerge rapidly. Having found the sine and 
cosme, the other functions of the arc may readily b6 
calculated from them. 

76. In the two last series we have found the values of 
tlie functions, sine and cosine, in terms of the arc. We 
may, if we please, find the value of the arc in terms of 
any of its functions, 

77. The differential coefficient of the arc in terms of 
its sine, is (Art. 71), 

developing by the binomial theorem, we find 
^ 1 J 1 J L l-^.ii . 1.3.5 . . - 

In passing from the function to the differential coefii- 
cient, the exponent of the variable in each term whidi 
contains it, is diminished by unity ; and hence, the series 
which^expresses the value of a? in terms ot «, will contain 
the uneven poweris of w, or will be of the form 

x:=Au + Bu^ + Ctfi + Du'+&c.; 
and the differential coefficient is 

~^A + 3Bt^+5Cu^ + '7lh^+ &c 
au 
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But since the difierential coefficients are equal to each 
other, we find, by comparing the series, 



2.3' 2.4.5* 2.4.6.7* 

hence, 

. . u I t^ , 1.3«« , 1.3.5 - . 

1:^2 3^2.4.5^2.4.6.7 ^ ^ 

If we take the arc of 30^, of which the sine is -— 

•2 
(Trig. Art. XV), we shall have ^ 

I 

«^ I , 1 . 1.3 . 1.3.5 . L 

"^"^==^+2X^ + 2X5:2^+ 2.4.6.7.2- +^"- 

and by multiplying both members of the equaticoi by 6^ 
we obtain the length of the semi-circumference to the 
radius unity. 

78. To express the arc in terms of its tangent, we liave 
(Art. 71), 

which gives 

g = l-V + i^-^w«+&c.; 

bence the junction x must be of the form 

and consequently 

J = il + 3Bii» + 6Cu*+72)u»; 
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and by companDg the s^es, and substituting {or A^ B, C9 
&c. their values, we find 

a?=tang 'u = ^^ — + ^^ — +&c. 

If we make x = 45^, u will be equal to 1 ; hence, 

arc45o=l — — + - --+&c. 

3 5 7 ^ '*'^' 

But this series is not sufficiently convergent to be used 
for computing the value of the arc. To find the value 
of the arc in a more converging series, we employ the 
following property of two arcs, viz. : 

Four times the arc whose tangent is — , exceeds the 

5 

arc of 45° by the arc whose tangent is ^r^rr-^* 



* Let a represent the arc wbo^ tangent is — . Then (Tii|^ Art. 

XXVI), 

r ^ a fitangff 6 



tang 



. StangSa 120 

4 g gg ■ ; ■ ■ 



1— tang's a 119 

The last number foeing greater than unity, shows th^ the tie 4 « ex- 
ceeds 45^ Making 

Ihedifieienoe, 4«— 46'^ss«S— ir»6, wiU have for He tangent 

tang^=xtangM^B)=: ^■^-^"g^^J-; 
^ ^^ ' l+tang*«tangif 239' 

faenee^ finr ikne$ the arewho$e tmgmt is ---» exeuds tks mt qf 4A^ h$ m 
,1 ^ 



IB 

But 

taojf 



guautm om tbb 



tangr 



»1_1 



' +^ 



6 5 3.5* 6.5» 7.&» 
, 1 _ 1 1 . 1 1 



■f &C9 



+ 



aro46<» = 



239 239 3(289^ 5(239)* 7(239)^ 
1 1 . I 1 



+ &c; 






\23S 



+ 





539y V 



39 3(289)» 5(239)* 7(239)" 

Multlplymg by 4, we find the senu-ciicumfereiicft 
= 3.141592653. 
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CHAPTER IV. 



Devehpment of am/ Function of two VarioNes 
— Differential of a Function of any number 
of Variables^Implicit Functions — Differential 
Equations of Curves — Of Vanishing Fractions. 

79. We have explained in Taylor's theorem the method 
of deyeloping into a series any function of the sum (v dif- 
ference of two yariables. 

We now propose to give a general theorem (tf which 
that is a particular case, ris : , ' 

To develop into a series any function of two or fsors 
variables^ and find the differential of the function. 

80. Before soaking the development it will be necessary 
to explain a notation which has not yet been used. 

If we haye a function of two yariaUes, as 

ii=rF(a?,y), 

we may suppose one to remain constant and differentiate 
the fimction with respect to the other. 

Thus, if we suppose y to remain constant, and x to 
Tary, the differential coefficient will be 

^=:F(«,y); (U 
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and if we su]^pose x to remain constant and y to vary, 
the differential coefficient will be 

| = F'(..y). (2). 

The differential coefficients "wiiich are obtained under 
these suppositions, are called partial differential co^f- 
fici&nts. The first is the partial differential coefficient 
with respect to a?, and the second with respect to y. 

81. If we multiply both members of equation (1) by 
dir, and both members of equation (2) by dy, we obtain 

■^dx=:F{x,y)do5^ and j-dy=^F'\x,y)dy. 

The expressions, 

dw , du J 

are called partial differentials ; the first a partial diffe- 
rential with respect to a?, and the second a partial diffe- 
rential with respect to y: lience, 

A partial differential coefficient is the differential co- 
efficient of a function of two~ or more variables^ under 
the supposition that only one of them has changed its 
value: and, 

A partial differential is the differential cf a function 
of two or more variables, under the supposition that only 
one of them has changed its value, 

82, K we differentiate equation (1) under the suppo- 
sition that X remains constant and y varies, we shall have 

dy 
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and since x and dx are constant 

^fdu\^d{du) 

which we designate by 

dx ' 

The first member of this equation expresses that the 
function u has been differentiated twice^ once with respect 
tOxO?, and once with respect to y. 

If we differentiate again, regarding x as the Tariable, 
we obtain 

which expresses that the function has been differentiated 
twice with respect to x and once with respect to y. And 
generally 

indicates that the function u has been differentiated n + m 
times, n times with respect to x, and m times with respect 
to y. 

83. Resuming the function 

a = JP(a?,y), 

if we suppose y to remain constant, and give to j? an arbi- 
trary increment A, we shall have from the theorem of Taylor, 

„, . ^ , duh dhi V , d^u h^ . . 
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. , . , du dhi dh$ 

m which, u, -. ^, ^. 

are functions of en and y, and dependent on the constants 
which enter the F{x,y)» 

If we now attribute to y ah increment k^ the function 
u, which depends on y^ will become 



du. dhi P dhi 1^ 
'dy ^ dyn,^'^ dy^\.2.^ 



UtU 1 u u ti Uf u n » 



and the function -r" ^iU become 
dx 

du dSi k . dhi If d^u k^ « 

dx'^dxdyT'^da!dy^ 1 .2 dxdi^ 1.2.3 * 

and the function -j-r-, will become 
aar 

cPu ^u k d^u k^ dhi i? . 

dof'^ da?dy I /^ da^df 1.2^ da^dy" 1.2.3 "^ ' 

d^u 
and the function ---^, will become 

<Pu d^ k dhi V' dhi Ic^ . 

da?^da?dy 1 "*" d^p^dy^ 1.2"*' dci?df 1.2.3"*" "^ 

&c. &c. &c. &c. 

Substituting these values in the development of 
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and arranging the terms, we have 

Wa.j_A .,j_i.\ •,_i_^" k ^ cPu Jc^ ^dPu If , ^ 
F(«+A,y+*)=„+__+__+___+ &c 

.duh tPu hk <Pu M» . - 

which is the general development of a function of two 
Taxiablesy when each has received an increment, in terms 
of the increments and differential coefficients. 

84. If we now transpose u = F{x, y) into the first 
mejnbery and pass to the limit, we find 

The differential of F (a?, y ) = dw, which is obtained under 
the supposition that both the variables have changed their 
values, is called the total differential of the function. 

85. If we have a function of three variables, as 

and suppose one of tljem, as z^ to remain constant, and 
increments h and h to be attributed to the other two, the 
develojanent of F^x + hyy + kjZ) will be of the same 
form as the development of F(a? + A, y + A) ; but « and 
all the differential coeffidents will be functions of z. 
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If then an increment I be attributed to z^ there will be 
four terms of the development of the form ' 

du^ duj duj 
«> di^' Ty^' S^- 

If V were a function of four variables, as 

there would be jfive terms of the form 

dw, du^ dUj du 

''' ^*' di,^' rJ'- d^'^J 

and a new variable introduced into the function, would 
introduce a term containing the first power of its increment 
into the development. 

If we transpose u into the first member, and pass to 
the limit, we shall have : 

d[F{x,y,z)]=^da> + ^dy + ^^dz, 
and 

d[Fia:,y,z,s)]=^dx + ^dy + pJz + ^^d,, 

from which we may conclude that, the total differential 
of a function of any number of variables is equal to the 
sum of the partial differentials. 

86. The rule demonstrated in the last article is alone 
sufficient for the differentiation of every algebraic function. 
1. Let w = a? + y® — z; then 

^dx = 2xdxj 1st partial differential : 
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—dy = Sy^dy, 2d partial differential ; 

^(fe=-(fe, ad " « , 

dz 

hence, du = 2xdx + Bt^dy — dz. 

2. Let u^xy; then, 

— dx = ydXf 

hence, du::=:ydx + xdy. 

3. Let u=:ary^; then, 

— dx:=zmar^^y*dxj 

Cm* 

— dy^ nt/"'^ardy : hence, 



4. Let tt = — ; then, 



— dy= /. 
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6. Let w = — 7=== = ay(a;^ + y^r^f then. 




du^ __ a dy o,y^dy 

, , ayxdai—ac^dy 
hence, om = ^ 3—^. 

{^ + fY 

6. Let u=:xyzt; then, 

du = yztdx 4- xztdy + xytdz + xyzdt, 
7- Let tt = 2t; then, 

du ' 

<-7-dy = s^lzdy (Art. 55), 

~dx = yz^-'dz (Art. 32): 
dx 

fcence, du = Z'lzdy + yz^^^dz. 

Remark, In chapter II, the functions were supposed 
to depend on a common variable, and the differentials were 
jpi>tained imder this supposition. We now see that the dif- 
ferentials are obtained in the same manner, wiien the func- 
tions are independent of each other, and unconnected with 
& common Variable. 

87. We have seen (Art. 39), that a function of a single 
variable has but one differential coefficient of the finit 
order^ one of the second, onc^ of the third, &c. ; while a 
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function of two variables has two difierential coefficients 
of the first order, a function of three variables, three; a 
function of four variables, four ; &c. 

It is now proposed to find the successive differentials 
of a function of two variables, and also the successive 
differential coefficients. 

We have already found 

dtt = -j-dj? + -r-dy- 
ax ay 

Since -rr- and -z- are fiinctions of x and Vi the 
dx dy ^ 

differentials -r-da?, -r-dy, must each be differentiated 
dx dy ^ 

with respect to botii of the variables; dx and dy being 
supposed constant : hence, 

d(-dx\ - —dx' 4- -^"^ dxdu 
'^Kdx'^'') - d^^ + dxdy^"^' 

■,/du , \ . d^u J o dhi , , 

and since the second differential of the function is but the 
differential of the first differential, we have 

If we differentiate again, we have 
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and consequently, 

It is very easy to find the subsequent dijQferentials, by 
observing the analogy between the partial diiBferentials and 
the terms of the development of a binomial. 

We also see that, a function of two variables has two 
partial differential coefficients of the first order ^ three of 
the second^ four of the thirds &c. 

88. There are several important results which may be 
deduced from the general development of the function of 
two variables (Art. 83). 

1st. If we make a? = 0, and y=:0, « and each of 
the differential coefficients will become constant, and we 
shall have 

+ &C., ' 

which is the development of any function of two variables 
in terms of their ascending powers, and coefficients which 
are dependent on the constants that enter the primitive 
function. 

2d. If, in the general development, we make y = 0, and 
Jk = 0, we shall have 
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which is the theorem of Tayl<Hr. 

3cL If we make y = 0, 4 = 0, and a? = 0, we have 

which is the theorem of Maclaurin. 



ImiUcU FuMciians. 

89. Whea the relation b^ween a functioii and its 
variable is expressed by an equation of the form 

y = Fix) 

m which y is entirely disengaged from x^ y has beeft 

called an explicit^ or eacpressed fimctioa of x (Art 5). 

When y and x are connected together by an equation of 

the, form 

F(a?,y) = Q, 

j^ has be«Bi called an implicit^ or imfUed fimetiiMi of m 
(Art. 6.) 
Itis plain, thi^ sa every equation isi (ke fonn 

y must be a function of x^ and a? of y« For, if the 
equation were resolved with reiyect to caCher of themji Ae 
value found would be expressed in terms 4xf the othef 
variable ajod •constant quantiti^ 
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90. If in the equation 

tt = F(a?,y) = 0, 

we suppose the variables x and y to change their values 
in sHccessioTiy any change either in a? or y, will produce a 
change in ii : hence, u is a function of x and y when 
they vary in succession. The value, however, which u 
assumes, when x ox y varies, will reduce to when 
such a value is attributed to the other variable as will 
satisfy the equation 

. i^(a?,y) = 0.; 

Now the partial differential 

ax 

represents the limit of the change vhich takes place in the 
function u under the supposition that x varies (Art. 81); 
and ibe partial differential 

duj 

i» the limit of the change which takes place in the function 
u under the supposition that y varies. But the change 
which takes place in u when x and y boUi vary is 0: 

hence, — <ir + ^dy = 0. 

01. In discussing the equation 

JF(a?,y) = 0, 
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it is often necessary to find the differential coefficients of 
one of the variables regarded as a function of the other, 
and this may be done without resolving the equation. FoTi 
£rom the last article, 

du dudy _^ 
' dx dydx^ ' 

du 
dy ^ dx 
dx du 

dy ^ 

Hence, the differential coefficient of y regarded as a 
Junction of x^ is equal to the ratio of the partial different 
tial coefficients of u regarded as a function ofx^ and u 
regarded as a function of y, taken with a contrary sign. 
Let ns take, as an example, the equation of the circle 

F{x,y) = a? + f^R;'=zu = 0; 
then, ^^2x, and g = 2y; 



hence, 



hence. 



dx y' 

Although the differential coefficient of the first order is 
federally expressed in terms of x and y, yet y may be 
eliminated by means of the equation F(a:,y) = 0, and the" 
coefficient treated as a function of x alone. In the circle, 
we haye • 

ys=.Vi{^-«^, 
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hence. 



dy ___ X 

dx VW~^^ 



92. K it be required ^ to find the second differential 
coefficient, we have merely to differentiate the first diffe- 
rential coefficient, regarded as a function of ar, and divide 
the result by dr. Thus, if we designate the first diffe- 
rential coefficient by p, the second by g, the third by 
r, &c., we shall have 

1 = 7, | = r, &c. 

93. To find the second differential coefficient in the 
gircle, we have 

dl__x_ 
dx y' 



<!)= 



hence, 



— ydx + xdy 
1 dy 

d^^zHlA. 



and by substituting for -^ its value , we have 

d^y_ o?\f 
da?" f • 

1. Find the first differential coefficient of y, in the 
equation 

y* — 2inay + a^-'^s=t< = 0, 

du du 
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hence, ^^^r^lr^E+lfLl^HSLzf.. 

dx L 2y — 2i»w?J y — mx 

2. Find the first differential coefficient of y in the 
equation 

y* + 2onf + a? — 0* = 0. 

dx 

3. Find the first and second differential coefficients of y, 
in the equation 

y? — 3aay + ar' = 0, 

— = 3a? — 3ay, — =:3y* — 3aa?, 

da? ' ^ dy 

, dv Ba^—Say ay — c? 

hence, -i = ^ = -^ . 

da: 3y^— 3flj? y^ — ax 

For the second differential coefficient, we have 

do?^ ~ ; il/'-axf '• 

or, by substituting for -f- its value, and reducing, 
dx 

A_ 2ay*-6gar^y^ + 2ya^ + 2a^ay 
dx" "■ {f-axf ' 

_ 2ay(y^ — 3ga?y + a^) + 2a^ay , 
{f^axf ' 

but from the given equation 

j^T-daxy + a^^O. 



hence,^ 



d!^y __ 2a^agy 
da? "~ (y^— oa?)^' 
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Differential Equations of Curves. 

94. The Differential Calculus enables us to free an 
equation of its constants, and to find a new equation which 
shall only involve the variables and their differentials. 

If, for example, we take the equation of a straight line 

y = aa? + i, 

and differentiate it, we find 

dy _ 
dx 

and by differentiating again. 

The last equation is entirely independent of the values 
of a and b, and hence, is equally applicable to every 
straight line which can be drawn in the plane of the co- 
ordiuate axes. It is called, the differential equation of 
lines of the first order. 

95. If we take the equation of the circle 

and differentiate it, we find 

xdx + ydy^O. 

This equation is independent of the value of the radiuQ 
iJ, and hence it belongs equally to every circle whose 
centre is at the origin of co-ordinates. 
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96. If the origin of co-ordinates be taken in the circiim- 
ference, the equation of the circle (An. Geom. Bk. Ill, 
Prop. I, Sch. 3) is 

from which we find 

X 

and by differentiating, 

^ _ x{2ydi/ 4- 2xdx) ~ (y^ + a^)dx 

or by reducing 

{c^^f)dx + 2x1/ dy = 0, 

which is the differential equation of the circle when the, 
origin of co-ordinates is in the circumference. 

The last equation may be found in another manner. 

If we differentiate the equation of the circle^ 

we have, after dividing by 2 

ydy = Rdx — xdx ; 

ax 

If this value of R be substituted in the equation of the. 
circle^ we have 

{a?'-'y^)dx + 2xydy = ; 
the same differential equation as found by the first method. 
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97. If we take the general equation of lines of the 
second order (An. Geom. Bk. VI. Prop. XII, Sch. 3), 

y2 = WW? + no?^ 

and diflferentiate it, we find 

2ydy = mix + 2rUsdx ; • 

differentiating again, regarding dx as constaht, we have, 
after dividing by 2, 

Eliminating m and n from the three equations, we obtain 

x^do? + Q?dy^ — 2xydxdy + yx^d^y = 0, 

which is the general differential equation of lines of the 
second order. 

98. In order to free an equation of its constants, it will 
be necessary to differentiate it as many times as there are 
constants to be eliminated. For, two equations are neces- 
sary to eliminate a single constant, three to eliminate two 
constants, four to eliminate three constants, &c. : hence, 
one constant may be eliminated from the giyen equation 
and the first differential equation ; two from the given equa- 
tion and the first and second differential equatiofis, &c. 

99. The difierential equation which is obtained after the 
constants are eliminated, belongs to a species or order of 
UneSf of which the given equation represents one of the 
species. 

ThuSy the differential equation (Art. 94), 
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belongs to an order or species of lines ol which the 
equation 

y = aj: -f 6, 

represents a single one, for given values of a and b. 
The equaiion of a parabola is 

y2 = 2px, 

and the differential equation of the species is 

2xdy — ydx — 0y or dy^ + ycPy = 0. 

100. The differential equation of a species, expresses 
the law by which the variable co-ordinates change their 
values ; and this equaiion ought, therefore, to be indepen- 
dent of the constants which determine the magnitude^ and' 
not the nature of the curve. 

101. The terms of an equaiion may be freed from their 
cxp.onents, by diflferenliating the equation and then com-' 
bining the differential and given equations. 

Suppose, for example, 

P and Q being any functions of x and y. 
By differentiating, we obtain 

nF'-'dP^dQ: 
by multiplying both members by P, we have 

nP^dP^PdQ, 

and by substituting for P" its value, 

nQdP=^PdQ. 
9 
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The same result might also have been obtained by 
taking the logarithms of both members of the equation 



For, we have 
and (Art, 57). 



n 



dP_dQ^ 



tence, • nQdP = PdQ. 



Of Vanishing Fractiof^s, or those which take the 
form — . 



102. It has been shown in(Alg. Art. Ill), that -rr-'i* 

fiombtimes an undetermined symbol^ and that its vahie 
may be 0, a finite quantity, or infinite. 

This symbol arises from the presence of a common 
factor in the numerator and denominator, which, becoming 
for a particular value of the variable, reduces the fraction 
to the form -tt • 

If we have, for example, a firaction of the form 

P{x^aT 

in which P and Q .are finite quantities, and make « = a, 
we shall have 

P{ar-ay _ Q 
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The yalae of this fraction will, however, bo 0, finite or 
nfinite, according as 

TO>n, «i = n, i9i<fi, • 

.for under these suppositions, respectively, it takes the fonxi 

Let the numerator of the proposed fraction bo desig- 
nated by Xy and the denominator by JI7, and let us sup- 
pose an arbitrary increment A to be given to a?, Tha 
numerator and denominator will then become a function 
of ar + A, and we shall have from the theorem of Taylor 

Y ^dX h ,(PX h^ . (PJ A" , ^,^ 



y, dXh . d?X h^ . (PJT' A^ ^ . 

^ + d7T+d^r72+^r2:3+^ 

If the value of a? = a, reduces to the difTcrential 
coefficients in the numerator as far as the mlh order, and 
those of the denominator as far as the nth order, the value 
of the fraction Will become, 

drx Jr 



dar 1.2.3;4....»» 



+ &C., 



d'^X 



+ &c^ 



da:" 1.2.3-4... 

If we make A = 0, the value of the fraction will be- 
come 0, finite, or infinite according as 

m>n, }7t = n, vK^ri^ 

and hence, if the value a? = a, reduces to the sama 
nmnber of differential coefficients in the numerator and 



-100 ELEMENTS OF THE / 

denominatori . the value of the fraction will be finite 
and equal to the ratio of the first difierential coefilcientS: 
which do^not reduce to 0. 

103. Let us now illustrate this theory by examples. 
'l: If in the fraction 

l-oT 









1-x' 






we make 


a?=:l, 


we have — . 



But 






dX 






dX! 






dx 


: — nx'" 


t 


dx~ 


-1; 


in which, 


if we make a? 


= 1, we 


have 






dX 
dx 


= ~n, 


and 


dX' 
dx ~ 


-1. 


hence^ 






dx 
dX! 


--n, 





dx ^ 

Iherefore, the value of the fraction when a? = 1, is + n. 
S. Find the value of the fraction 

aa^ — 2acx + a(? , 

-r-= r r-Ti when ar = c, 

bx^'-2bcx-\'b(?' 

-^ = 2flw? — 2ac, -^ — = 26a? — 25c, 

both of which become 0, when x = c. Diflferentiathig 
again, we have 

d^X ^ cPJF ., 

hence, the true value of the firaction when a? = c is -^-* 

0, 
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3. Find the value of the fraClion 

^:r^2 > ^e» «=«• 

4. Find the value of the fraction 

ax — o? , 

-T — -—7; — s 7, "wnen op := a. 

AnSm oo« 

5. Find the value of 

«'-^' 1. 

, -when ar=t), 

6. What is the value of the fraction 

1 — sina?-f-cosa? , ^^^ 

._ : ^ when jp = ^(P. 

sinx + coso? — 1 

Ans. I. 

» 

7. What is the value of the fraction 

a — x-'ala-\-alx , 

- J— J waen x= or. - 

a— V^ax — a? 

Arts. — !• 

8. What is the value of the fraction 

-, when 4? =1. 



1 —x-^lx 

Am. —3. 



9. What is the value of the fraction 

-, *wnen x^=^(i* 
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104. It has been remarked (Art. 47), that the theorem 
of Taylor does not apply to the case in which a particular 
value attributed to x renders every coefficient either or 
infinite. Such functions are of the form 

(a?-a)-' 

in which m and n are fractional. 

In functions of this form we substitute for x^ a + \ 
which gives a second state of the function. Wc then 
divide the numerator and denominator by h raised to a 
power denoted by the smallest exponent of A, after which 
we make A = 0, and find the ratio of the terms of the 
Infraction. 

When we place a + h for a?, we have in arranging 
according to the ascending powers of A, 

F{a+h) Ah'' + SA* + CK + &c., 



F{a + A) A'h*' + BW + Clf + &c. 

Now there are three cases^ viz. : when 

a > fl/, a = afy . a<af. 

In the first case the value of the fraction will be 0; in 
ihe second, a finite quantity ; and in the third it ^rill be 
infinite. 

105. In substituting a + A for a?^ in the firaction 
(a?-a)« 
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vehaye ^ L — i- = (2a + A)*, 

and by making A = 0, which renders a? = a, the valae of 
the fraction becomes ^ 

(2a)l 
2. Required the vahie of the fraction 

' —^ — i— . when a? = a. 

Substituting a + li iot a:, we have 

-T T" — "^ '■ r > 

A«(3a2 + 3aA + A^)» (3a« + 3aA+ A^)^ 

which is equal to 0, when A = 0. 

106. Remfirk, The last method of finding the value of 
a vanishing fraction, may frequently be employed advan- 
tageously, even when the value can be found by the 
theorem of Taylor. 

107. There are several forms of indetermination imder 
which a function may appear, but they can all be reduced 

to the form — . 

Ist. Suppose the numerator and denominator of the 

^traction 

X 

to become infinite by the supposition of a? = a« The 
firactioQ can be placed under the form 
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X 

' 

which reduces to — , when X and X^ are infinite. 

2d. We may have the product of two factors, one of 
which becomes and the other infinite, when a particular 
value is given to the variable. 

In the product PQ, let us suppose that a? = ff> makes 
P = and Q = 00 . We would then write tlje product 
under the form, 

p 

"0" 

which becomes — when a?=:a. 


108. Let us take, as an example, the function 

(l-a?)tang— ?ra?; 

in which «• designates 180^. 

If we make 0?= 1, the first factor becomes 0, and the 
second infinite. But 

tang^ira? = 



2 1 ' 

cot — ^x 
2 

hence, (1 — x)tBng—^x = , 

cot-— w-a? 
2 

the value of which is — when a? = L 
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CHAPTER V 

Of the Maxima and Minima of a Function of a 
Single Variable. 

109. If we have 

the value of the function u may be changed in tviro ways : 
first, by increasing the variable x ; and secondly, by dimin* 
ishing it. 

If we designate by vf \hc first value which fi assumes 
when s: is increased, and by w'^ the first value which u 
assumes when cc is diminished, we shall have three con* 
secutive values of the function 

Now, when u is greater than both w' and t/\ u is said 
to be a maximum : and when u is less than both vf and 
vf\ it is said to be a minimum. 

Hence, the ma^cimum value of a variable function is 
greater than the value which immediately precedes^ or the 
value that immediately follotvs : and the minimum value 
of a variable function is less than the value which imme^ 
diately precedes or the value that immediately folloufs. 

110. Let us now determine the analytical conditions 
which characterize the maximum and minimum values of 
a variable function. 
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If in the function 

the variable x be first increased by h, and then diminished 
by /a, we shall have (Art. 44), 

J „, . ,. .du h , d^u I? . d?u h^ , - 

dx I dor 1.2 darl.2.3 

,, ^, ,. du h ^ d.ht 1^ dhc h? , • 

u'^=zF{x - A) = M - — — + -— - ^ -- — -__—_+ Ac; 
^ ^ c^a? 1 ct2^ 1.2 c^^l.2.3 

and consequently, 

, du h , d?u W , d?u h^ \ . 

,, __ du h dhi }?_ d^u h^ , „ 

Now, if « has a maximum value, the limits of uf—u 
and t/^— Uy will both be negative ; and if m is a minimum, 
the limits of u'-^u and u"—u will both be positive. 
Hence, in order that u may have a maximum or minimum 
value, the signs of the limits of the two developments must 
be both minus or both plus. 

But since the terms involving the first power of A» in 
the two developments, have contrary signs, it follows that 
the limits of the developments will have contrary signs 
(Art. 44) ; hence, the function u can neither have a maxi- 
mum or a minimum unless 

du 
dx 
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and the roots of this equation will give all the values of 
se which can render the function u cither a maximum or 
a minimum. 

Having made the first differential coefficient equal to 0, 
the signs of the limits of the developments will depend on 
the sign of tl.e second differential cociBcicnt. 

But smce the signs of these limits are both negative 
when « is a maximum, and both positive when u is a 
minimum, it follows that the second differential coefficient 
will be negative when the function is a maximum, and 
positive when it is a minimum. Hence, the roots of the 
equation 

ax 

being substituted in the second differential coefficient, will 
render it negative in case of a maximum, and positive in 
case of a minimum ; and since there may be more than 
one value of x which will satisfy these conditions, it fol- 
lows that there may be more than one maximum or one 
inintmum. ^ 

But if the roots of the equation 

ax 

reduce the second differential coefficient to 0, the signs of 
the limits of the developments will depend on the signs 
of the terms which involve the third differential coefficient ; 
and these signs being different, there can neither be a 
niaximnm or a minimum, unless the values of x also reduce 
the third differential coefficient to 0. When this is the 
caae, substitute the roots of the equation 
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^ ax 

in the fourth differential coefficient ; if it becomes negative 
there will be a maximum, if positive a minimum. If the 
values of x reduce the fourth differential coefficient to 0, 
ihc following differential coefficient must be examined. 
Hence, in order to find tlie values of x which will render 
the proposed function a maximum or a minimum. 
1st. Find the roots of the equation 

^ = 0. 
ax 

2d. Substitute these roots in the succeeding dijfei^ential 
coefficients, until one is found tohich does not 7' educe to 0. 
Theny if the differential coefficient so found be of an odd 
crder, the values of x will not render the function either 
a maximum or a minimum. But if it be of an even 
order, and negative, the function will be' a maximum ; if 
positive, a minimum. 

111. Remark, Before applying the preceding rules to 
particular examples, it may be well to remark, that if a 
variable function is multiplied or divided by a constant 
quantity, the same values of the variable which render the 
function a maximum or a minimum, will also render the 
product or quotient a maximum or a minimum, and hence 
the constant may be neglected. 

2. Any value of the variable which will render the func- 
tion a maximum or a minimum, will also render any root 
or power a maximum or a minimum ; and hence, if a func* 
lion IS under a radical, the radical may be omitted. 
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EXAMPLES. 

1. To find. the taliie of x which will render y a maxi* 
mum or a minimum in the equation of the circle 

y^ + a? = R\ 

dx y • 

« 

X ' 

making — — =0, gives ^ = 0. 
The second differential coefficient is 

and since making or = 0^ gives y = 22, we have 

^y _ 1 
do?" R 

which being negative, the value of or ±:0 renders y a 
maximum. 

2. Find the values of x which \yill render y a maxindum 
or a minimum in the equation, 

y = a — bx + a^y 

differentiating, we find 

|=_6H-2ar. and ^ = 8. 

making, — 6 + 2i=0, gives a? = — ; 

and since the second differential coefficient is positiiFe, this 

yalue of a; will render y a minimum. The minimum 

10 
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value of y is found by arubstituting the value of x^ in die 
primitive equation. It is 

8. Find the value of a? which will render the function 

a maximum or a minimum, 

-r- = i' — 2cV, hence ^==-7r-5» 

dx 2cr 

hence, the function is a ufaximuqi, and the nuudmum 
Take is . 

" = ^^ + 4?- 
4. ijet'UB take the function 

u^iSa^aP — b^x + c^y 

we find -7- = 9aV — 6*, and a? = ± — . 
da? 3a 

The secottd differential coeflScient is 
Substituting the plus root of Xf we have 
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wjhich gives a minimum, and substituting the n^gitivf 
root, we have 

which gives a maximum. 

The minimum value of the function is, 

9iiid the maximum value 

9a 

112. Remark, It frequently happens that the value 
pf the first difierential coei&cient may be decomposed into 
two factors, X and X!, each containing a?, and one of 
ihem, X for example, reducing to for that value of »^ 
which renders the function a maxinaum or a minimum* 
When the differential coefficient of the first order takes 
xhis form, the general method of finding the second difle- 
arential coefficient may be much sinjplified. For, if 



we shall have 



ax 



dhi _ XdX XdX!^ 
da? ~~ dx dx \ 



But by hypothesis X reduces to for that value of m 
which renders the function u a maximum or a. minimum: 

. dhi xydx 
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from whkh we obtain the foUowiiig rule for finding the 
second, differential coefficient. 

Differentiate that factor of the first differential con- 
fident which reduces to 0, multiply it hy the other factor^ 
and divide the product by dx, 

5. rTo divide a quantity into two such parts that the mtfi 
power of one of the parts multiplied by the wth power of 
the other shall be a maximum or a minimum. 

Designate the given quantity by a and one of the parta 
i)y a?, then will a-^x represent the other part. Let the 
product of their powers be designated by u ; we shall then 
have 

u^aT^a^xfy 

whence, — = wi^~^ (a — a?)" — y/a?" (a — a:)"^*, 

= {ma — mx — nx)cf"'^ {a — a?)"*', 

and by placing each of the factors equal to 0, we have 
ma ^ " 

X = V X^=\J, X =:a, 

m^-n 
The second differential coefficient corresponding to the 
first of these values, found by the method just explainedy is 

^==-^{m + n)x--'{a-^xr-'^ ~ 
and substituting for x its value, it becomes 



flif n— 3 



{m + n) 

hence, this value of x renders the product a maximiriiei* 
.The two other values of x satisfy the equation of tho 
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problem, but do not satisfy the enunciation, since tl|ey As0 
ndt parts of the given quantity a. 

Remark. If m and n acre eadi equal to unity, the quan- 
tity will be divided into equal parts. 

6. To determine the conditicMis which will render y a 
•naximuna or a minimum in the equation 

y* — 2mxi/ + a?* — fl? = 0- 

The first dificrential coejfioient is 

dy __my ^x ^ 
. dx y — «m:* 

iience, wiy — 0^ = 0, or t/,=--r. 

m 

Substituting tbi« value ^ y in thq given equation, Wf 

find 

ma 

and the value of y x^rrbsponding to this value of x is 

To determine wbeither y is a maximum or a minimum, 
let us pass to the second differential coefficient. We have 

^ =:<»iy - a7)<y - «a?)-*; 



djc* y — WMP 

ID* 
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dti 

and since -^^ = 0, we have 
ax 

3^x 



JlI-^ 



do? y — mx^ 

and by substituting for y and x their values, we have 



da? a^Jx^n?' 

hence, y is a maximum. 

7. To find the maximum rectangle which can be in* 
scribed in a given triangle. 

Let h denote the base of the triangle, h the altitude, 
y the base of the rectangle, and x the altitude. Then, 

w =ipy = the area of the rectangle. 

3ut fe : A : : y : A — a? ; 

- hh--hx 

hence, y=: — ^ — , 

and consequently, 

hhx^ha? ft,, «. 

w=: r = — (Aar — ir). 

A A 

and omitting the constant factor, 

--- = A — 2a?, or a? = -r-; 
dx 2 

hence, the altitude of the rectangle is equal to half the 
altitude of the triangle : and since • 



da?" ^ 



the ftrea ift a maximum. 
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8. What is the altitude of a cylinder inscribed in a given 
right cone, when the soUdity of the cylinder is a maximum f 

Ans, One third the altitude of the cone. 

9. What are the sides of the maximum rectangle in* 
scribed in a given circle ?^ 

Ans. Each equal to R VST 

. 10. A cylindrical vessel is to contain a given quantity 
of water. Required the relation between the diameter of 
the base and the altitude in order that the interior surface 
may be a minimum* 

Ans, Altitude = radius of base. 

11. To find the altitude of a cone inscribed in a given 
sphere, which shall render the convex surface of the cone 
a, maximum. ^ 

Ans. Altitude = -rrR. 
3 

12. To find the maximum right-angled triangle which 
can be described on a given line. 

Ans. When the two sides are equal. 

13. What is the length of the axis of the maximum 
parabola that can be cut from a given right cone ? 

Ans. Thr^e-fourths the side of the cone. 

14. To find the least triangle which can be formed by 
the radii produced, and a tangent line to the qUadrant of a 
given circle. 

Ans. When the point of contact is at the middle of the 
arc. 

15. What is the altitude of the maximum cylinder which 
can be inscribed in a given paraboloid ? 

Ans. Half the axis of the parabdoUL 



tie 
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CHAPTER VI. 



Application of the Differential Calculus to the 
Theory of Curves. 

113. It^has been shpwirin (Art. 13), that every relation 
between a function and a single variable on which it 
depends, may subsist between the ordinate and abscissa 6f 
a curve. Hence, if we rppresent the ordinate of a curve 
by a function y, the abscissa may be represented' by 
the varigtble x^ 

Of Tangmtsand Nor?nids, 

114. We have seep (Art. 
l^X that if y represents 
the ordinate ancf x the ab- 
Bcissa of any curve as CjP, 
the tarigenJt. of the angle 
PTAu, which the tangent 
forms with the axis of ab- 
scissa* will be represented 

by ^ 

dy and dx being the differentials of the ordinate andi 
sciBsa of the point of contact P. 
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But we have (Trig. Th. II), 

1 : TR :: tangT : RP\ 
that is, I : TR :: -^ : y: 

hence, TR =y—=z sub-tangent. 

/ if 

115. The tangent TP is equal to the square root of 
the sum of the squares of TR and RP ; hence, 

rP=yVl+5j^= tangent. 

116. From the similar triangles TPR, RPN, we have 

TR : PR : : PR : RN, ^ 

doc 
hence, ^ T" * V ' ' V ' ^^' 

consequently, RN = y-^= sub-normal. 

117. The normal PN is equal to the square root of the 
aum of the squares of P^ and RN ; hence, 



PJV = yVl + J= normal. 

118. Let it be now required to apply these formulas to 
lines of the second order, of ^hich the general equation 
(An. Geom. Bk.' VI, Prop. XII, Sch. 3), is, 

y^ = mx + 710?. 

Differentiating, w6 have 

dy __77iH-2nai_ m-\-Stnx 
dx 2y 2VWT^' 
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substituting this value, we find 



sub-tangent TK^y 



dx __ 2{mx 4- na^) 



dy m + 2n£ ' 

^„ ^ / d^ . / I ^ rmx 4- nafV 

^^ dy^ ^ {jn-^-^nxj 

sub-ncJrmal RN^= y-7^ = \ 

^^dx 2 



PN = y\/l+'^=\/mx+nx' + ~{m + 27ixf. 

By attributing proper valujss to m and /?, the above 
formulas will become applicable to each of the conic 
isections. In the case of the parabola, n :;= 0, and we have 

TR- 2x, 



RN=^ 



TP-V.mx-i-4;X^, 
PN=\/ mx + -^t 



} 119. It is often necessary to represent the tangent and 
normal lines > by their equations. To determine these, in 
a general manner, it will be necessary first to consider the 
analytical conditions which render any two curves tangent 
to eabh other. ' , " • 

Let the two curves, PT)C^ 
PECy intersect each other at 
P and C; 

Designate the co-ordinates of 
the first curve by x and y, and 
the co-ordinates of the second by 
a/, y^. Then, for the common 
point P, we shall have 

4? = y, y = y^. 
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If we represent BGy the increment of the abscissa, by 
&i we shall have, from the theorem of Taylor (Art. 44), 

dxl da^ 1.2 da? 1.2.9^ ' 

da/l^d^l.2^43Pl.2.3^ * 

lience, by placing the t\yo members equal to each other, 
aiid dividing by h, we have 

(te+eir* 1.2 +*''■'- da^ ^ da/^ 1.2 + **^ 

If we tiow pass to the lunit, by making h=^0, we shall 
have 

1^'^'dZ' 

in which case the point C will become consecutiTe with P, 
and tbp curve PEC tangent to the curve PDC. . Hence, 
two lines will hetangentto each ether at a common pointy 
when the. co-ordinates and firsts differential coefficient of 
the one, are equal to the co-ordinates and first differential 
coeffi(:ient of the other, 

120. The equation of a straight lineis of the form 

y=:zax + bf ' 

heace, ^ :^ = <*- 

Bat the equation of a straight line parsing throu^ a 
given point, of which the coordinates are o/^ y", is (Ad. 
Geom. Bk. II, Prop. IV), 
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or by substituting for a its value, \ye have, for the equation 
of a straight line pissing through a given point, 

This, line may be made tangent to a curve at any point 
of which the co-ordinates are a/\ y^\ hy substituting for 
^ the first differential coefficient found from the equation 

of the curve, and making a/\ x/'^ equal to al'y y'^ of the 
curve. 

121, Let it be required, for example, to make the linQ 
tangent to a circle at a point of which the co-ordinates are 
a/', y". Since the co-ordinates of this' point will satisfy 
the equation of the curve, we have 

and by differentiating, 

. \ da/'" f' - 

and by substituting this value in the equation of the line, 
and recollecting that a/'^+y''^^ iP, we have 

yx/'+xaf'^R\ 

which is the equation of a tangent Une to a circle. 

122. A normal line is perpendicular to the tangent at 
the point of contact; and since the eqiiation of the tangent 
is of the form 
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the equation of the normal will be of the form (An. Geom. 
Bk. II, Prop. VII, Sch. 2), 

and this line will become normal to a curve at a point of 

da/' 
which the co-ordinates are a/', y^\ if the value of -r-jj be 

found from the equation of tljc curve, and substituted for 

dec 

J- , and the co-ordinates 'a/\ yf^ of the straight line be 

made equal to a/', y^' of the ciu-ve. 

The equation of the normal in the circle will take the 
form, 

123. To find the eq^uation of a tangent line to an ellipse 
at a point of which the co-ordinates are a/', y, we have, 

By differentiating, we have 

dod' " AY' ' 
hence, we have 

which becomes, after reducing. 
The equation of the normal is 

11 
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. 124. To find the equation of a tangent to lines of the 
second order, of which the equation for' a particular point 
(An. Geom. Bk. VI, Prop. XII, Sch. 3) is 

By diflferentiating, we have - 



da/' 



%f 



hence, the equation of the tangent to a Une of the second 
order is 

ff _^ m + 2na/' ^ 



and the equation of the aonnal 



-{x-x"). 



y-^'=-^'^^-''^: 



Of Asymptotes of Curves, 



125, An asymptote of a curve is a line which continually 
approaches the curve, and becomes tangent to it at an 
infinite distance from the origin of co-ordinates. 

Let AX and AY be 
the co-ordinate axes, and 

the equation of any tan- 
gent line, as TP. 
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If in the equation of the tangent, we make in succes- 
sion y = 0, a?=0, we shall find 

If the curve CPB has an asymptote RE^ it is plain 
that the tangent PT will approach the asymptote RE^ 
when the point of contact P,. is moved along the curve 
from the origin of co-ordinates, and T and D will also 
approach the points R and Y, and wiU coincide with 
them when the co-ordinates of the point of tangency are 
infinite. 

In order, therefore, to determine if a curve have asymp- 
totes, we make, in succession, x=(x> and y = oo in the 
values of AT, AD. If either of these become finite, the 
curve will have an as3rmptote. 

If both the values are finite, the asymptote will be in- 
clined to both the co-ordinate axes : if one of the distances 
becomes finite and the other infinite, the asymptote will 
be parallel to one of the co-ordinate axes ; and if they both 
become 0, the asymptote will pass through the origin of 
co-ordinates. In the last case, we ^hall know but oiie 
point of the asymptote, but its direction may be deter- 
mined by finding the value of -^, under the supposition 
that the co-ordinates are infinite. 

126. Let us now examine the equation 



124 ELEMENTS OF THE 

of lines of the second order, and see if these lines have 
asymptotes. We find 



:X ■ 



AD = y. 



m + 2nx m + 2nx 
mx+ 2na? mx 



2y 2 Vmx + m^ 

which may be put under the forms 

AT= ""^ , AD= "* 

X 

and making a: = oo , we Jiave 



v — + " 



AR=^^, and AE = -^. 
2n 2^71 

If now we make*fi = 0, the curve becomes a parabola, 
and both the limits, AR, AE, become infinite : hence, 
the parabola has no rectilinear asymptote. 

If we make n negative, the curve becomes an ellipse, 
and AE becomes imaginary: hence, the ellipse has no 
asymptote. 

But if we make' n positive, the equation becomes that 
of the hyperbola, -and both the values, AR, AE, become 

finite. If we substitute for n its value — ^, we shall have 

A 

AR=-A, and AE=z±B. 
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Differentials of the Arcs and Areas of Segments 
of Curves, 

127. It is plain, that the chord and arc of a curve will 
approach each other continually as the arc is diminished, 
and hence, we might conclude that the limit of their ratio 
is unity. But as several propositions depend on this rela- 
tion between the arc and chord, we shall demonstrate it 
rigorously, 

128. If we suppose the ordi- N 
nate PR of the curve, POM to 
be a function of the abscissa, we 
shall have (Art. 16), 



and 

in which 



PQ=h, 

dx' 





A 


M_ 


P. 




Q 


/ 


r 


J 


t 





Hence, PM= VfF+{P+P'hfh'=hVl +(P+P'AJ». 



We also have 



NQ = Pb; 



hence, PN - VjFT^}^ = h Vl + P*, 

NM=NQ-MQ=-P'h': 
hence, we have 

PN+MN hVT+W-Fh' Vr+P^-P'h 



PM 



hVT+JF+P'hf Vi + {P + P'h/' 
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of which the limit, by making A ^ 0, is 

vHTp 

• 

But the arc POM can never be less than the chord PM^ 
nor greater than the broken line PNM which contains it ; 
hence, the limit of the ratio 

POM 



PM 



= 1; 



and consequently, the differential of the arc is equal to the 
differential of the chord. But when we pass to the limit 
of the arc and chord, PM becomes the differential of the 
chord, and PQ and QM, become the differentials of x 
and y ; hence, if we represent the arc by Zj we shall have 

dz = ^/dx' + df', 

that is, the differential of the arc of a curvCy at any pointy 
is equal to the square root of the sum of the squares of 
the differentials of the co-ordinates. 

129. To determine the differential of the arc of a circle 
of which the equation is 

a? + f = R\ 
we have jrcir + yiy = 0, or di/= ; 



whence, dz=:y da^+ o = — Va? + y*, 



__B^_ Rdx 



y VSTT?* 
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the same as determined in (Art 71). The plus sign is to 
be used when the abscissa oc and the arc are increasing 
functions of each other, and the minus sign when they 
are decreasing functions (Art. 31). 

130. Let BCD be any segment 
of a curve, and let it be required 
to find the differential of its area. 

The two rectangles DCFE, 
DGME, having the same base 
DE, are to each other as DC to 
EM; and hence, the limit of their 
ratio is equal to the limit of the ratio of DC to EJIf, 
which is equal to unity. 

But the curvelinear area DCME is less than the rect- 
angle DGMEj and greater than the rectangle DCFE : 
hence, the limit of its ratio to either of them will be 
unity. But, 




DCME DCME DEFC ^^ DCME 
DE " DE ^ DEFC ~^^ ^ DEFC' 



or by representing the area of the segment by 5 and the 
ordinate DC by y, and passing to the limit, we have 



is 
dx 



= y, or ds = ydx ; 



hence, the differential of the area of a segment of any 
curvCy is equal to the ordinate into the differential of the 
abscissa. 
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131 To find the differential of the area of a circular 
segment, we have 

a? + y'^ = i?, and y= yfB?-o?\ 

hence, ds^ix Vk^ — ar*. 

The differential of the segment of an ellipse, is 
B 



ds = —dx VA^ — ^, 

and of the segment of a parabola 

ds=idx^2px. 



Signification of the Differential Coefficients, 

132. It has already been shown that, if the ordinate of 
a curve be regarded as a function of the abscissa, the first 
differential coefficient will be equal to the tangent of the 
angle which the tangent line forms with the axis of abscis- 
sas (Art. 15). Wq now propose to show the relation 
between a curve and the second differential coefficient, 
the ordinate being regarded as a function of the abscissa. 

Let AP be the abscissa 
and PM the ordinate of a 
curve. From P lay off 
on the axis of abscissas 
PF = A, and PF' = 2h. 
Draw the ordinates PM, 
FM, P"M!'; also the lines 
MMN, MM'; and lastly, 
MQ, M(^, parallel to the 









J 


1 




-^ 


w 


A 


N 








Q 







p// 



^'^^^t^ 
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axis of abscissas. Then will MQ^NQy and we shall 
have 

PJIf = y, 






dar* 1.2 
iPy Ah? 



+ &c., 



dx\ dx^ 1.2 



+ &c., 



FM- PM = MQ =fU^^+ ice, 
ax I dor 1.2 

P'fMf^FM^=M^Q=^h + -^—-\- &c. 
dx dor 1.2 

M'Q-M'Q=+M'N = -^h''+ Sec. 

dor 

Now, since the sign of the first member of the equation 
is essentially positive, the sign of the second member will 
also be positive (Alg. Art. 85). But if we pass to the 
limit, by diminishing 7i, the sign of the second member 
will depend on that of the second differential coefficient 
(Art. 44) : hence, the second differential coefficient is 
positive. 



If the curve is below 
ihe axis of abscissas, 
the ordinates will be 
negative, and it is easily 
seen that we shall then 
have 



M''Q'-MQ=:~M^W=-^A2+ «&c 




130 



ELEMENTS OF THE^ 



Now, since the first member is negative, . 
member will be negative : hence we conclude thai, ^ 
curve is convex toioards the axis of abscissas, the ordi- 
mte and second differential coefficient will have like signs, 

N 

133. Let us now con- 
sider the curve CMMM\ 
which is concave towards 
the axis of abscissas. We 
shall have, 



FAf = y, 



P'M 




■ dy h , <Py A* , , 



dxl do^ 1.2 



^ dxl dx^ 1.2 



ax 1 dar 1.2 



p//jjj//_p/^,j/^^|//Q/^^y^ + .^.V 3A2 



dx 



dx" 1.2 



f &c., 



M'Q'-AfQ=^NM'-- 



(Py 



da? 



W + &c. 



But since the first member of the equation is negative, 
the essential sign of the second member will also be 
negative: hence, the second differential coefficient will 
be negative. 
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If the curve is below the 
axis of abscissas, the ordi- 
nate will be negative, and it 
is easily seen that we should 
then have 



M^'Q^-MQ= + iVAF=^A2+ &c.; 

oar 

hence wo conclude that, if a cui^vc is concave towards the 
aans of abscissas, the ordinate and second differential 
coefficient will have contrary signs. 

The ordinate will bo considered as positive, unless the 
contrary is mentioned. 

134. Remark 1. The co-ordinates x and y, determine 
a single point of a curve, as M, . The first differential of 
y is the limit, of the difference between tlie ordinates PM, 
P^M'^ or the difference between two consecutive ordinate?. 

The second differential of y is the limit of M"N, and 
is derived from M'Q or dy, in the same way that dy is 
derived from the primitive function. The abscissa x being 
supposed to increase uniformly, the difference, and conse- 
quently the limit of the difference between PP^ and PP^^ 
is : therefore its second differential is 0. The co-ordi- 
nates X and y, and the first and second differentials deter** 
mine three points, Af, Af , M'\ consecutive with each other. 

13&. Remark 2. When the curve is convex towards 
the axis of abscissa, the first differential coefficient, which 
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represents the tangent of the angle formed by the tangent 
line with the axis of abscissas, is an increasing function of 
the abscissa : hence, its diflerential coefficient, that is, the 
second differential coefficient of the function, ought to be 
positive (Art. 31). 

When the curve is conpave, the first differential coeffi- 
cient is a decreasing function of the abscissa ; hence, the 
second differential coefficient should be negative (Art. 31). 



Examination of tlie Singular Points of Curves. 

136. A singular point of a curve is one which is distin- 
guished by some particular property not enjoyed by the 
points of the curve in general : such as, the point at which 
the tangent is parallel, or perpendicular to, the axis of 
abscissas. 

137. Since the first differenlial cocfUcicnt expresses the 
value of the tangent of the angle which the tangent line 
forms with the axis of abscissas, and since the tangent is 
0, when the angle is 0, and infinite when the angle is 90^, 
it follows that the roots of the equation 

dx ^ 

will give the abscissas of all the points at which the tan- 
gent is parallel to the axis of abscissas, and the roots of 
the equation 

dy dx ^ 
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will give llic abscissas of all ihe points at which the tan- 
gent is perpendicular to the axis of abscissas. 

138. If a curve from being convex towards the axis of 
abscissas becomes concave, or from being concave becomes 
convex, the point at which the change of curvature takes 
place is called sl point of injlexion. 

Since the ordinate and differential coefficient of the 
second order have the same sign when the curve is convex 
towards the axis of abscissas, and contrary signs when it 
is concave, it follows that at the point of inflexion, the 
second differential coefficient will change its sign. There- 
fore between the positive and negative values there will be 
one value of x which will reduce the second diflerential 
coefficient to or infinity (Alg, Art, 310): hence the roots 
of the equations 

^=0,or^-ao 

will give the abscissas of tlic points of inflexion. 

139. Let us now apply these principles in discussing 
the equation of the circle 

a!' + f = R\ 

We have, by differentiating, 

and placing 

— — = 0, we have a? = 0. 

y 

Substituting this vahie in the equation of the curve, we 
have 

22 
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hence, th^ tangent is parallel to the axis of abscissas at 
the two points where the axis of ordinates intersects the 
circumference. 
If we make 

^= = 00, or ~^ = 0, 

ax y X ' 

we have y = 0; substituting this value in the equation, 
we find 

and hence, the tangent is perpendicular to the axis of 
abscissas at the points where the axis intersects tha cir- 
cumference. 

The second differential cpefficient is equal to 

which will be negative when y is positive, and positive 
when y is negative. Hence, the circumference of the 
circle is concave towards the axis of abscissas. 

If we apply a similar analysis to the equation of the 
ellipse, we shall find the tangents parallel to the axis of 
abscissas at the extremities of one axis, and perpendicular 
to it at the extremities of the other, and the curve concaife 
towards its axes. 

140. Let us now discuss a class of ciures, which may 
be represented by the equation 

y = 6 ± c(a? — a)", 

in which we suppose c to be positive or negativei and 
diflferent values to be attributed to the exponent m. 
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l8t. When c is positive^ and m entire and even. 
By differentiating, we have- 



dx 



^ = mc{x-ar-\ 



g = m(m-l)c(x-a)— . 



If we place the value -^ = 0, we find x^a, and sub- 

CUV 

slituting this value in the equation of the curve, we find 

y = b: 

hence, ar = a, y == i, are the co-ordinates of the point 
at which the tangent line is pardlel to the axis of 
abscissas. ^ 

Since m is even, m — 2 will 
also' be even, arid hence the second 
differential coefficient wilkbe posi- 
tive for all values of x. The curve 
will therefore be convex towards 
the axis of X, and there will be 
no point of inflexion. 

The value of a? = a renders the ordinate y a minimum, 
since after m differentiations a differential coefficient of an 
even order becomes constant and positive (Art. 110)» 

The curve docs not intersect the axis of X, but cuts the 
axis of Y at a distance from the origin expressed by 




y = 6 4- ca\ 



180 
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141. 3d. When c i^ negative^ and m enrine and even. 
We shall have, by differentiating. 



and 



oar 



The discussion is the same as 
fefefore, excepting that the second 
differential coefficient being nega- 
tive for aU values of a?, the curve 
19 concave towards the axis of 
abscissas, and the value of a? = ap, — 
#ender8 the ordinate y a maxi- 
mum (Art. 110). 

142. 3d. Wlkn c is plus or minus, and m entire and 
uneven. 

We shall have, by differentiating, 
-^ = zfc m€{x — a)r~*. 



and 



^ = ± m(77i - l)c(a? - af-". 



The first differential coefBcient will be 0, when x = a; 
hence, the tangent will be parallel to the axis of abscissas^ 
»l the point of which the co-ordinates axe x=za, y = &» 
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Since the exponent wi — 2 is 
uneven, the factor (a?— a)*"* will 
be negative when x<^a^ and 
positive when x>a; hence, this 
factor changes its sign at the 
point of the curve of which the 
abscissa is a? = a. 

If c is positive, the second differential coefficient will bo 
negative for a? < a, and positive for £c > a : hence there will 
be an inflexion when x = a. If c v» ere negative, the curve 
would be first convex and then concave towards the axis 
of abscissas, but there would still be an inflexion at the 
point a? = fl. At this point the tangent line separates the 
two branches of the curve. 

There will, in this case, be neither a maximum nor a 
minimum, since after m differentiations a differential coef- 
ficient of an odd order, will become equal to a constant 
qiiantity (Art. 110). 

- 143. 4th. When c is positive or negative, and m a 

2 
fraction having an even numerator, cw m =^ — -. 

By differentiating, and supposing c positive, we have 



'f-z=i'—c{x — a)^ =- 



2c 



dx 3 o/ \T 

3(a? — a)* 

cpy_ 2c 

"^ 9(a?-a)» 

If we make a: = a, the first differential coefficient will 

become infinite ; and the tangeaat will be perpendicular to 

12* 
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the axis of abscissas, at thb point of which the cof-ordinates 
are a? = a, y = 6. 

In regard to the second differen- ^ 
tial coefficient, it will become infi- ' 
nite for x=4z, and negative for 
every other value of x, since the 
factor (x-^a) of the denominator 
is raised to a power denoted by an 
even exponent. Hence, the curve 
will be concave towards the axis of 
abscissas. 

If we take the equation of the curve 

y = 6-|-c(a?--a)», 

and make x = a + hf and x =:a-'h, we shall have, in 
either case, 

2 

and hence, y will be less for a? = a, than for any other 
value of Xy either greater or less ^han a. Hence, the 
value a? = a, renders y a minimum. 

If c were negative, the equation would be of the form 





-y=b 


— c(a? — a)' ; 


•nd we 


should have, by differentiating, 




dx 


2c 
S{x--ay 


m\A 


cPy_ 


2c 



da? 



9(«-o)» 
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The first and second differen- 
tial coefScients will be infinite for 
x = a^ and the second differential 
coefiicient will be positive for all 
yalues of x greater or less than a ; 
and hence, the curve will be con- 
vex towards the axis of abscissas. 

If, in the equation of the curve 

II 




We make x=^a + hy and x — a- 
either case. 



h, we shall have, in 



and hence, y will be greater for a? = a, than for any other 
▼alue of X either greater or less than a. Hence, the 
value X =a, renders y a maximum. 

144. Remark. The conditions of a maximum or a 
minimum deduced in Art. 110, were established by means 
of the theorem of Taylor. ~ Now, the case in which the 
function changes its form by a particular value attri 
buted to a?, was excluded in the demonstration of that 
thecNrem (Art. 45). Hence, the conditions of minimum 
and maximum deduced in the two last cases, ought 
not to have appeared among the general conditions of 
Alt 110. . 

We therefore see that there are two species of maxima 
and minima, the one characterized by 



-5^ = 0, the other by -=^ = ao . 
dx ^ dx 
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In the first, we determine^ whether the function is a 
maximum or a minimum by examining the subsequent 
differential coeflScients ; and in the second, by examining 
the value of the function before and after that value of x 
which renders the first diflerenlial coefficient infinite. 

The branches jDjE, MJ?, which are both represented by 

the equation 

' L 

y =zbdbc{x — ayy 

are not considered as parts of a continuous curve. For, 
the general relations. between y and x which determine 
each of the parts DE, ME, is entirely broken at the 
point M, where x = a. The two parts are therefore 
regarded as separate branches which unite at M, The 
point of union is called a cw^p, or a cusp poirtL 



145. 5th. When c is positive or negative and m a 
^ " 3 

fraction having an even denominator, as m = — . 



Under this supposition the equation 
bftfome 


of the 


curve will 


8 

y = 6=bc(a? — a)*, 






and by differentiating, we have 




1 


dy j_ 3c 

dx j,r xi* 






J <?y 3c 

*^ 4.4(a?-a 
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The curve represented by this 
equation will have two branches: 
the one corresponding to the plus 
sign will be concave towards the 
axis of abscissas, and the one cor- 
responding to the minus sign will be 
convex. Every value of x less than 
a will render y imaginary. The co-ordinates of the point 
M, are a? = a, y = i. 

146. 6th. When c is positive or negative and m a 

fraction having an uneven numerator and an uneven de- 

. 3 

nominator, as m= — . 
5 

Under this supposition the equation will become 

y=zb±:c{X'~ay, 
and by diflferentiating, we have 



dx 


5{x-ay 
3.2c 


dx* ~ 


+ 7 y 



from which we see that if we use the superior sign of the 
first equation, the curve will be convex towards the axis 
of abscissas for a? < a, that there will be a point of inflexion 
for /c = a, and that the curve will be concave for a?>a. 
If the lower sign be employed, the first branch will become 
concave, and the other convex. 

147. The cusps,, which have been considered, were 
brmed by the imion of two curves that were convex lo- 
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wards each other, aftd such are called, cusps of the first 
order. ' 

It frequently happens, however, that the curves which 
unite, embrace each other. ' The equation 

furnishes an example of this kind. By, extracting the 
square root of both members and transposing, we have 

1 ' 

and by differentiating 

dx % ' do? 2 2 

We see by examining 
the equations, that the curve 
has two branches, both of 
which pass through the 
origin of co-ordinates. The 
upper branch, which corres- 
ponds to the plus sign, is constantly convex towards the 

axis of abscissas, whilp the lower branch is convex for 
64 , ^ ^ 64 




x< 



and concave for a?>- 



and a?<l. At 



225' 225 

the last point the curve passes below the axis of abscissas 

and becomes convex towards it. If we make the first dif- 
ferential coefficient equal to 0, we shall find a?=:0, and 
substituting this value in the equation of the curve, gives 
y = ; and hence, the axis of abscissas is tangent to both 
branches of the curve at the origin of co-ordinates. At 
this point the differential coefficient of the second order 
is positive for both branches of the curve, hence they 
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are both convex towards the axis. When the cusp is 
formed by the union of two curves which, at the point 
of contact, lie on the same side of the common tangent, it 
is called a cusp of the second order. 

146. Let us, as another example, discuss the curve 
whose equation is 

y=zbdb(x — a) Va? — c. 

By differentiating, we obtain 



-cdz 



x^a 



2 Va?— c 



We see, from the equa- 
tion of the curve, that y will 
be imaginary for all values 
of X less than c. 

For x=c, we have y=b; 
and for a?> c, we have two 
values of y and conse- 
quently ' two branches of 
the curve, until a: = a when they unite *at the point M. 
For x>a there will be two real values of y and conse^- 
quently two branches of. the curve. The point Af, at 
which the branches intersect each other, is called a mul- 
tiple point, and differs from a cusp by being a point 
of intersection instead of a point of tangency. At the 
multiple point M there are two tangents, one to each 
branch of the curve. The one makes an angle with the 
axis of abscissas, whose tangent is 




+ Va — c 
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the Other, an angle whose tangent is 
— ^/a — c* 

149. Besides the cusps and multiple points which have 
already been discussed, there are sometimes other points 
lying entirely without the curve, and having no connexion 
with it, excepting that their co-ordinates will satisfy the 
equation of the curve. 

For example, the equation 

will be satisfied for the values 
a? = =fc 0, y = d= ;^ and hence, 
the origin of co-ordinates yi, 
satisfies the equation of the 
curve, and enjoys tlic property 
of a multiple point, since it is 
the point of union of two values 
of Xj and two values of y. 

If we resolve the equation with respect to y, we find 



y-^'V^-' 



and hence, y will be imaginary for all negative values of 
a?, and for all positive values between the limits a? = and 
x^b. For all positive values of x greater than 6, the 
values of y will be real. 

The first difierejitial coefficient is 

dy _ a?(3a?— 2&) 
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or by dividing by the common factor x, 
dy _ 3a? — 26 

and making x = 0, there results , 

dy _ 2b 

«^"* 2 V-oi' 

wliich is imaginary, as it should be, since there is no point 
of the curve which is consecutive with the isolated or con- 
jugate point. The differential coefficients of the higher 
orders are also imaginary at the conjugate points, 

1 50^ We may draw the following conclusions from the 
preceding discussion. 

1st. The equation -5^ = 0, determines, the points at 
ax 

which, the tangents are parallel to the Jixis of abscissas. 

2d. The equation ^^=00, determines the points of 

the curve at which the tangents are perpendicular to the 
axis of abscissas. The two last equations also determine 
the cusps, if there are any, in all cases where the 
tangent at the cusps is parallel or perpendicular to the 
axis of abscissas, 

3d. The equation ^='0, or -j^=^ determines 
the points of inflexion. 

4th. The equation -r- = «n imapnary constant, in- 
dicates a conjugate point. 

13 
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CHAPTER VII. 



Of Osculatory Curves — Of Evdlutes, 



161. Let PT be tangent to the curve ABP at the point 
P, and PN a normal at the sarae point: then will PT 
be tangent to the circumference of every circle passing 
through P, and having its centre in the normal PN, 

It is plain that the cen- 
tre of a circle may be 
taken at some point C, 
so near to P, that the cir- 
cumference shall fall with- 
in the curve APB, and 
then every circumference 
described with a less ra- 
dius, will fall entirely 
within the curve. It is 

also apparent, that the centre may be taken at some point 
C, so remote from P, that the circumference shall fall 
between the curve APB and the tangent PT^ and then 
every circumference described with a greater radius will 
fall without the curve. Hence, there are two classes of 
tangent circles which may be described; the one lying 
within the curve, and the other without it. 
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152. Let there be 
three curves, APB, 
CPD, EPF, which 
have a common tan- 
gent TPy ' and a com- 
mon normal PN ; then 
will they be tangent to 
each other at the point 
P. It does not follow, 
however, from this cir- 
cumstance, that each curve will have an equal tendency to 
coincide with the tangent TP, nor does it follow that any 
two of the curves CPDy EPF, will have an equal ten- 
dency to coincide with the first curve APB, 

It is now proposed to establish the general analytical 
conditions which determine the tendency of curves to 
coincide with each other, or with a common tangent. 

Designate the co-ordinates of the first curve APB by 
a? and y, the co-ordinates of the second CPD by a/, i/, 
and the co-ordinates of the third EPF by a/\ yf' , If we 
designate the oomn;on ordinate PR by y,. y^ y'^ we shall 
then have 



}? 






+ &c., 



sR^t/^ 



dy^h 



.^^+iyL. 



}? 



+ &€.; 



da/ 1 da/2l.2 da/''1.2.3 

But since the curves are tangent to each other at the 
point P, we have (Art. 119), 
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Now, in order that the first curve APB shall approach 
more nearly to the second CPD than to the third EPF, 
we must hav^ 

«hd consequently,. 

ID which we have represented the coefficients, in the first 
seiies by Ay, B, Cy^ &c.y and the coefficients in the second 
by A^ B\ a, &c. 

Now, the limit of the first member of the inequality will 
always be less than the limit of the second, when its first 
lerm involves a higher power of h than the first term of 
the second. For, if A = 0^ the first member will involvfr 
the highest power of b^ and we shall have 



and by dividing by h\ 
and by passing to the limit 



''r5:8+*''<^'A+^'r5r»+*" 
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But when A = 0, we have 

and hence, when three curves have a common ordinate, the 
first will approach nearer to the second than to the third, 
if the number of equal differential coefficients between the 
first and second is greater than that between the first and 
third. And consequently, if the first and second" curves 
have 771+1 diflFerential coefficients which are equal to 
each other, and the first and third curves only m equal dif- 
rential coefficients, the first curve will approach more 
nearly to the second than to the third. Hence it appears, 
that the order of contact of two curves will depend on 
the number of corresponding difierential coefficients which 
are equal to each other. 

The contact which results from an equality between the 
co-ordinates and the first differential coefficients, is called 
a contact of the^r^^ order, or a simple tangency (Art. 119). 
If the second differential coefficients are also equal to each 
other, it is called a contact of the second order. If the first 
three differential coefficients are respectively equal to each 
other, it is a contact of the third order; and if there are m 
differential coefficients respectively equal to each other, it 
is ji contact of the rath order. 

153. Let us now suppose that the second line is only 

given in species, and that values may be attributed at 

pleasure to the constants which enter its equation^ We 

13» 
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ihall then be able to establish between the first and second 
lines as many conditions as there aie constants in the 
equation of the second line. If,, for example,- the equation 
of the second line contains two constants, two conditions 
can be established, viz.: an equality between the co- 
ordinates, and an equality between the first differential 
coefficients ; this will give a contact of the first order. 

If the equation of the second curve contains three con* 
slants, three conditions may be established, viz. : an equality 
between the co-ordinates, and an equality between the first 
and second differential coefficients* This will give a con- 
tact of the second order. If there are four constants, we 
can obtain a contact of the third order ; and if there are 
m + 1 constants, a contact of the ?7ith order. 

It is plain, that in each of the foregoing cases the highest 
order of contact is determined. 

The line which has a higher order of contact with a 
given curve than can be found for any other line of the 
same species^ is called an osculatrix. 

Let it be required, for example, to find a straight line 
which shall be osculatory to a curve, at a given point of 
whidi the co-ordinates are a/\ xfK 

The equation of the right Ene is of the form 

and it is required to find sudh values for the constants a 
and 6 as to cause the line to fulfil the conditions, 
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By difTerentiating the equation of the line, we have 

ax 
and since the line passes through the point of osculation 

Substituting for -^ its value -i^> we have 

for the equation of the osculatrix. 
In the equation of the circle 

hence, the equation of the osculatrix of the first order, to 
the circle, is 

or by reducing y^' + a?a/' = U*. 

154. If « and f^ represent the co-ordinates of the centre 
of a circle, its equation will be of the form 

(a, _.)» + (y _,»)».= iP. 
If this equation be twice differentiated, we shall have. 
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. and by combining the three equations we obtair 

dc^ + df 

y-^= — ^^ 

^dt^ /da? -\- dy\ 

""""-dx^ d?y r 

dxcPy 

If it be now required to make this circle osculatory to 
a given curve, at a point of wjiich the co-ordinates are a/\ 
}/^y we have only to substitute in th^ three last equations, 
the values of ^ 



dy_dy^ 
dx'' dod'' 



do/- "■ da/^'' ' 



deduced from the equation of the curve, and to suppose, at 
the same time, the co-ordinates x and y in the curve to 
become equal to those of a? and y in the circle. 

If we suppose a/^ y" ^ to be general co-ordinates of the 
curve, the circle will move around the curve and become 
osculatory to it, at each of its points in succession. 

155. If the circle CD 
be osculatory to the curve 
jBF; at the point P, we 
shall have 



qSr=:Cx 



1.2.3 



for A positive ; and 



q'sf^^Cx 



1.2.3 



+ &C., 



-f-&c^ 




O E 



DIFPERBNTIAL CALCULUS. 153 

for A negative : hence, the two lines qs, gV, have contrary 
signs. The curve, therefore, lies above the osculatory cir- 
<?le on one side of the point P, and below it on the other, 
and consequently, divides the osculatory circle at the point 
of osculation. Hence, also, the osculatory circle separates 
the tangent circles which lie without the curve from those 
which lie within it (Art. 151). 

In every osculatrix of an even order the first term in the 
values of qs, q^s\ will, in general, contain an uneven power 
of h ; and hence the signs of the limits of their values will 
depend on that of h. The curve will therefore lie above 
the osculatrix on one side of the point P and below it on 
the other ; and hence, every osculatrix of an even orda' 
fvilly in general^ be divided by the curve at the point of 

osculation. 

166. The first differential equatioil of Article 164, 
{x — ct)dx + (y— fi)dy = 
may be placed under the form 

dx 

If we make the circle osculatory to the curve we have 

x=:a/\ y = y^'y and 

dx do/' , 
^=^; hence, 

which is the equatfon of a normal at the point whose co- 
ordinates are j/^ y!' (Art. 122). But this normal passes 
through the point whose co-ordinates are « and i3. Hence, 
the normal draion through the point of osculation, will 
contain the centre of the osculatory circle. 

157. It was shown in (Art. 155) that the osculatory cir- 
cle is, in general, divided by the curve at the point of oscu* 
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lation. The position of the ciiVves with respect to each 
other indicates this result. 

For, the osculatory circle is always symmetrical witl> 
respect to the normal, while the curve is, in general, not 
symmetrical with respect to this line. If, however, the 
curve is symmetrical with respect to the normal, as is the 
case in lines of the second order AVhen the normal coincides 
with an axis, the curve will not divide the osculatory circle 
at the point of osculation ; and the condition which renders 
the second differential coefficients in the curve and circle 
equal to each other, will also render the third differential 
coefficients equal, and the contact will then be of the third 
order. 

158. The radius of the osculatory circle 

dxcPy 

is affected with the sign plus or minus, and it may be well 
to determine the circumstances under which each sign iis 
to be used. 

If we suppose the ojdinate to be positive, we shall have 
(Arl 133) 

-^, and consequently cPy 

negative when the curve is concave towards the axis of 
abscissas, and positive when it is convex. If then, we 
wish the radius of the osculatory circle to be positive for 
curves which are concave towards the axis of abscissas, we 
must employ the minus sign, in which case the radius will 
be negative for curves which are convex. 
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159. If the circumferences of two circles be described 
with different radii, and a tangent line be drawn to each, it 
is plain that the circumference which has the less radius 
will depart more rapidly from its tangent than the circum- 
ference which is described with the greater radius; and 
hence we say, that its curvature is greater. And gener- 
ally, the curvature of any curve is said to be greater or less 
than that of another curve, according as its tendency to 
depart firoin its tangent is greater . or less than that of the 
curve with which it is compared. 

1 60. The curvature is the same at all the points of the 
same circumference, and also in all circumferences described 
with equal radii, since the tendency to depart from the tan- 
gent is the same. In different circumferences, the curva- 
ture is measured by the angle formed by two radii drawn 
through the extremities of a» arc of a given length. 

Let r and r^ designate the radii of two circles, a the 
length of a given arc measured on the circmnference of 
each ; c the angle formed by the two radii drawn through 
the extremities of the arc in the first circle, and cf the 
angle formed by the corresponding radii of the second. 
We shall then have 

2»r : a :: 360° : c, hence, c =?551?; 

also, 

2^ : a :: 360° : c', hence, (/ = ^^^; 

2«T^ 

and consequently 

r r 
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that is, the curvature in different circumferences varies 
inversely as the radii. 

161. The curvature ^ 
of plane curves is meas- 
ured by means of the 
osculatory circle. 

If we assume two 
points P and P', either 
on the same or on dif- 
ferent curves, and find 

the radii r and r^ of the circles which are osculatory at 
these points, then 

1 1 
7" ' 7' 




curvature at P : curvature at P' 



that is, the cuivature at different points varies inversely 
as the radius of the osculatory circle. 

The radius of the osculatory circle is called the radius 
of curvature, 

162. Let us now determine the value of the radius of 
curvature for lines of the second order. 

The general equation of these lines (An. Geom. Bk. VI, 
Prop. XII, Sch. 3), is 



y^ = 7nx + na?y 



which gives, 



■ja.!-, ^nyd3i?-^{m+2nx)dxdy _ [4:ny^—{m+2nxy]da^ 
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Substitoting these values in the equation 

^■^ dxdi'y ' 
we obtain 

. ^ = 2^? • 

which is the general value of the radius of cunrature in 
lines of the second order, for any abscissa x. 

163. If wc make ic = 0, wc have 

that is, in lines of, the second order, the radius of curva- 
ture at the vertex of the transverse axis is equal to half 
the parameter of that axis. 

If be required to find the value of the radius of curva- 
ture al the extremity of the conjugate axis of an ellipse, 
we make X An. Geom, Bk. VIII, Prop. XXI, Sch. 3), 

w = — J-, n=— -p, ana f = il, 

which gives, after f educing, 

^^^ B ' 

hence, the radius of curvature at the vertex of the conju- 
gate axis of an ellipse is equal to half the parameter cf 
that axis. 

In the case of the parabola, in winch n=:0^ the generd 

value of the radius of curvature beoooies 

14 
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H = — 5 — 



164. If w^ compare the yalue of the radius of curvature 

with that of the normal line found ir (Art. 118), we shall 

have " 

„ (normal.)^ 

A = T-j \ 

that is, the radius of curvature at any point is equal to 
the cube of the noTTual divided by half the parameter 
squared : and hence, the radii of curvature at different 
points of the same cu7've are to each, other as the cubes oj 
the corresponding normals. 

Of the Evolutes of Curves. 



165. If we suppose an os- 
cillatory circle to be drawn at 
each of the points of the 
curve iiPP'jB, and then a 
curve ACOO^ to be drawn 
through the centres- of these 
circles, this latter curve is 
called the evolute curve^ and 
the curve APP'B the invo- 
hite. 



166. The co-ordinates of the centre of the osculator]^ 
circle, which have been represented by « and |3, are c<Mi 
sts^t for given values of the co-ordinate» w and y of the 
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iiiToIute curve, but diey become variable when we pass 
from one point of the involute curve to another. 

167. We have already seen that the osculatory circle is 
characterized by the equations (Art. 154) 

(«--)^>(y-/8)^=i^^ (1) 

.(^~-)(fo + (y-^)dy = 0, (2) 
da^ + rfy^ + (y-.«)A = <>- (3) 

If it be required to find the relations between the co- 
ordinates of the involute and the co-ordinates of the 
evolute curves, we must differentiate equations (1) and (2) 
under the supposition that « and /s, as well as x and y, 
are variables. We shall then have 

(ar - •)da? + (y - i9)(/y - (a? - •)<i« - (y - j8)di9 = fidU, 

die* + dy* + (y — /3)c?y — dmdx — dfidy = 0. 

Combining these with equations (2) and (3), we obtain 

-(j/-^)dfi^{x^*)d^ = RdR, (4) 

— d^dx — djJdy = 0- 

The last equation gives 

dfi da? ,-v 

But equation (2) may be placed und^ the form 
da?, V 

which represents a normal to the involute (Art. 122), and 
which becomes, by substituting for — ^ its value t-, 
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y-^ = ^(^--), (6) 

cor ^-,y = *(4i-ar) ^ (Art. 120). 

This last is the equation of a straight line passing 
through a point i^hose co-ordinates are x and y, and tan- 
gent to the curve whose general co-ordinates are « and p ; 
hence, a normal line to the involute curve is tangent to 
the evolute, 

168. It is now proposed to show, that the radius of cur- 
Tature and the evolute curve have equal diflferentiak. 
Combining equations (2) and (5) we obtain 

(^— )=(y-/»)J. (7> 



or by squarilrg both members, 

dfi- 



(x-»r={y-fif^. 



combining this last with equation (1) we have 
e^to-,f=iP. (8) 
Combining equations (4) and (T), we have 



DIPFERBNTUL CALCITLUS. 16^ 

or by squaring both members 

Dividing this last by equation (8), member by member, 

we have 

{dRf^cU' + dfi^ 

or dR = VcW + d/8». 

But if 5 represents the arc of the evolute curve, of whicl^ 
the co-ordinates are « and fiy we shall have (Art. 128)^ 

d$=Vd^ + d(i^; 

hence, dR = ds; 

that is, the differential of the radiris of curvature is equal 
io the differential of the arc of the evolute^ 

169. It does not follow, however, from the last equation, 
that the radius of curvature is equal to the arc of the evolule 
curve, but only that one of them is equal to the other plus 
or minus a constant (Art. 22). Hence, 
R=zs + a 

is the form of the equation which expresses the lelation 
between them. 



14* 
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If we detennflie the radii 
of curvature at two points of 
the involute, as P and P', 
we shall have, for the. first, 

U = * + a, 

and for the second 

R'^^ + a; 
bence, 

and hence, the difference betiveen the radii of curvature ai 
any two points of the involute is equal to the part of the 
0Volute curve intercepted between them. 

170. The value of the constant a will depend on the 
position of the point from which the arc of the evolute 
fcurve is estimated. 

If, for example, we take the radius of curvature for lines 
of the second order, and estimate the arc of the evolute 
curve from the point at which it meets the axis, the vake 
of * will be when it =— m (Art. 16S): hence we 
diaQ have 



— m = + « or 

4V 



«=-m; 



and for any other point of the curve 



RszS + —m. 
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Either of the eyolutes, FEj 
FE\ FE\ or FE, corres- 
ponding to one quarter of the 
ellipse, is equal to (Art. 169) 




B A 

171 . The evolute curve takes 
its name from the connexion which it has with the corres- 
ponding involute. 

Let CCa^ be an evolute 
curve. At C draw a tan- 
gent, AC, and make it equal 
to the constant a in the equa- 
tion 

Wrap a thread ACOO' 
around the curve, and fasten 
it at any point, as O^. 

Then, if we begin at A, 
and unwrap or evolve the 

thread, it will take the positions PC, FO'^ &c., and the 
point A vriU describe the involute APP^ i for 

PCy-AC=C(7 and P^C'- AC= CC'C7^ &c. . . . 

172. The equation of the evolute may be readily found 
by combining the equations 

._ dy(<fa»+^y») 
dxtPy ' 

. with the equation of the involute curve. 







a? — «: 
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Ist. Find, from the equation of the involute, the values of 

^ and ^yi ^ 

and substitute them in the two last equations^ and tliere 
will be obtained two new equations involving «, ^, x and y. 
2d. Combine these equations with the equation of the 
involute, and eliminate x and y: the resulting equation 
will contain *, i3, and constants, and will be the equation 
of the evolute curve. 

173. Let us take, as an example, the common paraibola 
of which the equation is 

jf-rz.mx. 
We shall then have 

and hence 

and by observing that the value of a? — « is equal" to that 
of y — i9 multiplied by — y^f Ve have 



_ 4y^ + m^ 

' 2m * 



hence we have, 



*-^ = -4- and a?^«=: 2? — --: 

vr m 2 
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aubstituting for y its value in the equation of the involute 

1 1 



we obtain 



~/8 = 



4a?« 



w* 



x^9i:= —2a? — ---: 
2 



and by eliminating x^ we have 

16 / 1 



^^ 



27 m 



:(-i»>- 



which is the equation of the evolute. 
If we make /3 = 0, we have 

1 
-=2^' 

and hence, the evolute meets the 
axis of abscissas at a distance from ' 
the origin equal to half the param- 
eter. If the origin of co-ordinates 
be transferred from A to this 
point, we sliall have 




, 1 

-= — -m, 



and consequently 



fl2-^ 



16 



21m 



^. 



The equation of the curve shows that it is symmetrical 
with respect to the axis of abscissas, and that it does not 
extend in the direction of the negative values of «'. The 
evolute CO corresponds to the part i4P of the involute, 
wid CO^ to the part AF. 
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CHAPTER VIIL , 

Of Transcendental Curves,— -Of Tangent Planes 
and Normal Lines to Surfaces. 

174. Curves ma)'- be divided into two general classes : 
Ist. Those whose equations are purely algebraic ; and 
2dly. Those whose equations involve transcendental 

quantities. 

The first class are called algebraic curves, and the 
second, transcendental curves. 

The properties of the first class having been already 
examined, it only remains to discuss the properties of the 
transcendental curves. 

Of tlie Logaritlimic Ourve, 

175. The logarithmic curve takes its name from the 
property that, when referred to rectangular axes, one of 
the co-ordinates is equal to the logarithm of the other. 

If we suppose the logarithms to be estimated in paral- 
lels^ to the axis of y, and the corresponding numbers to 
be laid off on the axis of abscissas, the equation of the 
curve will be 

y = ir. 
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176. If we designate the 
base of a system of loga- 
hthms by a, we shall have, 
(Alg. Art. 241) 



a' =:x: 




and if we change the value 
of the base a to a^, we shall 
have 



It is plain, that the same value of x, in the two equations, 
will give different values of y, and hence, every system of 
logarithms will give a different logarithmic cuidb. 

If we make y = 0, we shall have (Alg. Art. 257) 
a? = 1 ; and this relation being independent of the base of 
the system of logarithms, it follows, that every logarithmic 
curve will intersect the axis of numbers at a distance from 
the origin equal to unity. 

The equation 

a^ = Xy 

will enable us to describe the curve by points,, even with- 
out the aid of a table of logarithms. 



For, if we make 



y = o, 



1 



y=Y. 



1 



&c., 



we shall find, for the corresponding values of a?, 
a? = l, a?=rV^, x-=±a^/ay 



x = 



&c. 



177. If we suppose the base of the system of logarithms 
to be greater than unity, the logarithms of all numben less 
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than unity will be negative ( Alg. Art. 256) ; and therefore, 
the values of y corresponding to the abscissas, between the 
limits a?=0 and a? = AjB = l, will be negative. Hence, 
these ordinates are laid ojBf below the axis of abscissas. 

When a? = 0, y will be infinite and negative (Alg. Art. 
264). If we make cc negative, the conditions of the equa- 
tion cannot be fulfilled ; and hjsnce, the curve does not 
extend on the side of the negative abscissais. 

178. Let us resunae the equation of the curve 

y = Ix. 

If we represent the modulus of the system of logarithms 
by A^ and differentiate, we obtain (Art. 56), 

r 

dy — A — , 

dy _^ A 
dx x' 

But — represents the tangent of the angle which the 

O/X ' ^ 

tangent line, forms with the axis of abscissas : hence, the 
tangent will be parallel to the axis of abscissas when 
^i = 00 , and perpendicular to it when a: = 0. 

But when a? = 0, y = — oo ; hence, the axis of ordinates 
is an asymptote 1o the curve. The tangent which is 
parallel to the axis of X is not an asymptote : for when 
a? = 00 , we also have y = oo . 

179. The most remarkable property of this curve be» 
idngs to its sub-tangent TR'y estimated on the axis of 
Ipgarithms. We have found, for the sub-tangent, on ic 
axis of Jf (Art. 114), 
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and by simply changing the axes, we have 

ax 

hence, the ^ub-tangent is efwd to the modulus of the 
system of logarithms from which the curve is constructed. 
In the Naperian ^system 3f = 1, and hence the sub-tangent 
will be equal to 1 = AE. 



Of ike Cycloid. 




D 



y 



N 



180. If a circle NPG be rolled along a straight line 
AL, any ftoint of tlje circumference will describe a curve, 
which is called a cycloid. The circle NPG is called the 
generating circle, aod P the gener^ing point. 

It is plain/that in each revolution of the generating circle 
an equal curve will be described^ and hence, it wUl only 
be necessary to examine the properties of the curve 
APBL, described in one revolution of )the generating circle. 
We shall therefore refer only to this part when speaking 
of the cycloid. 

181. If we suppose the point P to be on the line AL 

at Ay it will be found at some point, as Lf after all the 

16 
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A R N 



points of the circumference shall have been brought m 
contact with the line AL. The line AL will be equal to 
the circumference of the generating circle, and is called 
the bdse of tile cycloid. The line BM, drawn perpen- 
dicular to the base at the middle point, is equal to the 
diameter of the generating circle, and is called the aads of 
the cycloid. 

182. To find the equation of the cycloid, let us assume 
the point A as^ the origin of co-ordinates, and let us sup- 
pose that the generating point has described the arc A P. 
If N designates the point at which the generating circle 
touches ihQ base, AN will be equal to the arc NP, 

Through N draw the diameter NG, which will be 
perpendicular to the base. Through P draw PR perpen- 
dicular to the base, and PQ parallel to it. Then, PR=NQ 
will be the versed-sine, and PQ the sine of the arc NP. 

Let us make 

ON=:r, AR::=x, PR=^NQz=zy, 
we shall then have 

PQz= ^/27y-fy x = AN'-RN=zaicNP''PQ' 
hence, the transcendental equation is 



a?= ver-sin^'y— V2ri/ — y^, 
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183. The properties of the cycloid are, however, most 
easily deduced from its differential equation, which is 
readily found by differentiating both members of the trans- 
scendental equation. 

We have (Art. 71), 

d(ver-sin""*y) = — ====, 
hence, 



or ctr = - 



jdi_ 



V2ry^f 

which is the differential equation of the cycMd. 

184. If we si^bstitute in the general equations -of {Ans. 
114, 115, 116, 117), the values of dx, dy, deduced from 
the differential equation of the cycloid, we shall obtain the 
values of the normal, sub-normal, tangent, and sub-tangent. 
They are, 

normal PN = V^ry, sub-normal RN = V^ry ■- y^, 
tangent Pr = y V^^y ^ sub-tangent 772 = - 



V2ry — y^ V^ry — y^ 

These values are easily constructed, in consequence of 
their connexion with the parts of the generating circle. 

The sub-normal RN, for example, is equal to PQ of 
the generating circle, since each is equal to V^ry — y* : 
hence, the normal PN and the diameter GN intersect 
the base of the cycloid at the same point. 
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Now, since the tangent to the cycloid at the point P i» 
perpendicular to the normal, it must coincide with the 
^ord PG of the generating circle. 

If, therefore^ it be required to draw a normal or a tan- 
gent to the cycloidy at any point as P, draw any line, as 
ngy perpendicular to the base AL^ and make it equal to 
the diameter of the generating circle. On ng describe a 
aemi-circumferencey and through P draw a parallel to the 
base of the cycloid. Through p, where the parallel cuts 
the senu-eircumference, draw the supplementary chords 
pfh Pgf and then draw through P the parallels PN, PG, 
and PN will be a nqrmal, and PG a tangent to the cycloid 
at the point P. 

185, Let us resume the differential equation of the 
cycloid 

which may he put under the form 



di/_ V2ry-y^_ 



^/f^' 



dx y V y 

If we make j^ = 0, we shall haTe 






and if we make y = 2r, we shall hay* 
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hence, the tangent lines drawn to the cycloid at the points 
where the curve meets the base, are perpendicular to the 
base; and the tangent drawn through the extremity of the 
greatest ordinate, is parallel to the base. 
186. If we differentiate the equation 



dxz=:- 



ydy 



regarding dx as constant, we obtain 

or by reducing and dividing by y, 

0=^(2ry-y2)iPy + rrfy», [ 
whence we obtain 



2ry-y^* 

and hence the cycloid is concave towards the axis of 
abscissas (Art. 133). 

187. To j&nd the evolute of the cycloid, let us first sul^ 
stitute in the general value of 

dx(Py * 

the value of dPy found in the last article : we shall Aen 
have 

U = 2*(ry)» = 8V2^- 

li^ce, the radius of curvatisre correspcmding to the ex- 
tremity of any ordinate y, is equal to double the normal. 

16* 
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The radius of curvature is when y = 0, and equal to 
twice the diameter of the generating circle for y = 2r; 
hence, the length of the evolute curve frc^m A to A* is 
equal to twice the diameter of the generating circle^ 

Substituting the value of cPy in the values of y— A 
a? — « (Art. 172), we obtain ^ 



y-./5 = 2y, ar— «= --2-v/2ry — y*; 
hence we have 



y=--A 



a? = «— 2 V— 2r/5 — fii^ 



Substituting these values of y and x in tlie transcen- 
dental equation of the cycloid, we have 



"'--P+ V-2r^-^\ 



m = ver-sm 



which is the transcendental equation of the evolute, re- 
ferred to the primitive origin and the primitive axes. 

Let us now trans- 
fer the origin of co- 
ordinates to the point 
A\ and change at 
the same time the 
direction of the posi- 
tive abscissas : that 
is, instead of estima- 
ting them from the -^' 
left to the right, we will estimate them from the right 
to the left. Let us designate the co-ordinates of the 
evolute, referred to the new axes A^ M, A^JT, by tif and ff'^ 
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Since A'X!= AM= the semi-circumference of the gene- 
rating circle, which is equal to rx, we shall have, for tke 
abscissa A'/J' of any point P', 

ii'/J'=«' = rw — «, hence, « = r» — i*': 

and for the ordinate, we shall have 

hence, j8=-.2r + /8^, or — /9 = 2r — /a'. 

Substituting these values of « and fi in the transcen- 
dental equation of the evolute, we obtain 



r» - •'= ver-sin-* (2r - /S') + V27W-^fi^ 

or mf=:nF-^ vcr-sin-'(2r - fi^) - V2r/3^— /a'^. 

But the arc whose versed-sine is 2r — fi\ is the supple- 
ment of the arc whose versed-sine is /3'^ hence 



«'=ver-sin-* /S'— V2ri3'— i3'2, 

which is the equation of the evolute referred to the new 
origin and new axes. 

But this equation is of the same form, and involves the 
same constants as that of the involute : hence, the evolute 
and involute are equal curves. 

Cf Spirals. 

188. A spiral is a curve described by a point which 
moves along a right line, according to any law whatever, 
the 'line having at the same time a uniform angular motion. 
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Lei ABC be a straight 
line which is to be turned 
uniformly around the 
pbint A. When the 
motion of the line be- 
gins, let us suppose a 
point to move from A 
along the line in the 
direction ABC. When 
the line takes the posi- 
tion ADE the point will 

have moved along it to some point as D, and will have 
described the arc AaD of the spiral. When the line 
takes the position AUE the point will have described 
the curve AaDiy, and whep the line shall have comple- 
ted an entire revolution the point will have described the 
curve AaDUB, 

The point -4, about which the right line moves, is 
called the pole ; the distances AD, AUy AB, are called 
radius-vectors, and if the revolutions of the radius-vector 
are continued, the generating point will describe an in- 
definite spiral. The parts AaDUB, BFPC, described in 
each revolution, are called spires, 

189. If with the pole as a centre, and AB, the distance 
passed over by the generating point in the direction of the 
radius-vector during the first revolution, as a radius, we 
describe the circumference BEE\ the angular motion of 
the radius-vector about the pole A, may be measured by 
the arcs of this circle, estimated firom B. 

If we designate the radius-vector by u, and the measur- 
ing arc, estimated firom B^ by t^ the relation between u 



DIFVERENTUL CALCULUS. 177 

and tf may in general be expressed by the equation 

u = ar, 

in which n depends on the law according to which tlie 
generating point moves along the radius-vector, and a on 
the relation which exists between a given value of u and 
the corresponding value of t. 

190. Whe^ n is positive the spirals represented by the 
equation 

will pass through the pole A. For, if we make t = 0, we 
shall have w = 0. 

But if n is negative, the equation will become 

u = at^y or u = --'j 
r 

in which we shall have 

M = 00 for ^ = 0, 
and w = for t=ao: 

hence, iu this class of spirals, the first position of the 
generating point is at an infinite distance from the pole : 
the point will then approach the pole as the radius-vector 
revolves, and will only reach it after an infinite number of 
revolutions. 

19L If we make n = 1, the equation of the spiral be- 
comes 

u = at. 

If we designate two different radius-vectors by uf and 
t/', and the corresponding arcs by if and f\ we shall have 

u^zzatf, and vl^-<a!'. 
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and consequently 



If'; 



that is, the radius-vectors are proportional to the measur- 
ing arcs, estimated from the point B. This spiral is 
called, the spiral of Archimedes. 

192. If we represent by unity the distance which the 
generating point moves along the radius-vector, during one 
revolution, the equation 

u=zat, 
will become 



I =ai, 



or 



Ix— = i. 
a 



But since t is the circumference of a circle whose 
radius is unity, we shall have 



— = 25r, 
a 



and consequently, 



« = ■ 



•• c' 



2* 
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193. If the axis BD, of 
a semi-parabola BCD, be 
wrapped around the circum- 
ference of a circle of a 
given radius r, any abscissa, 
as Bby will coincide with / 
an equal arc BV, and any -4 — 
ordinate as ba, will take the \ 

direction of the normal AVa\ ^ ^ ^^,, 

The curve Ba^c^, described 

through the extremities of the ordinates of the parabola, is 

called the parabolic spiral. 

The equation of this spiral is readily found, by observing 
that the squares of the lines 5'a', c c', &c., are propor- 
tional to the abscissas or arcs Bb\ Be . 
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If we designate the distances, estimated from the pole 
j4, by tt, we shall have Vd zzzu-^r: hence, 

is the equation of the parabolic spiral. 
If we suppose r = 0, the equation becomes 

u^ z= 2pt. 

If we make n := — 1 , the general equation of spirals 
becomes 

u=zatr\ or ut=^a. 

This spiral is called the hyperbolic spiral, because of the 
analogy which its equation bears to that of the hyperbola, 
when referred to its asymptotes. 

194. The relation between u and t is entirely arbitrary, 
and besides the relations expressed bj^^ the equation 

we may, if we please, make 

t = logM. 

The spiral described by the extremity of the radius-vec- 
tor when this relation subsists, is called the logarithmic 
spiral. 

195. If in the equation of the hyperbolic spiral, we 
make successively, 

we shall have the corresponding values, 

u = a, i/ = 2a, i/=:3a, w = 4a, &c. 
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Through the 
pole A draw AB 
perpendicular to 
ABy and make 
it equal to a: 
then tlirough D 
draw a parallel 
to AB, From 
any point of the 

spiral as P draw PM perpendicular to AB^ we shall 
then have 

PM= ttsinMAP = wsin^ 




If we substitute for u its value — , we shall have 

I 

PM=a . 

t 

Now as the arc r diminishes, the ratio of will ap- 
proach to unity, and tlic value of the ordinate PM will 
approach to a or CM: hence, the line BC approaches 
the curve and becomes tangent to it when t = 0. But 
when ^ = 0, M = Qc ; hence, the line DC is an asymptote 
of the cprve. 

196. The arc which measures the angular motion of the 
radius-vector has been estimated from the right to the left, 
and the value of t regarded as positive. If we revolve 
the radius-vector in a contrary direction, the measuring 
arc will be estimated from left .to right, the sign of t will 
be changed to negative and a similar spiral will be de- 
scribed. The line DO is an asymptote to the hyperbolic 
spiral, corresponding to the negative value of t. 
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197. Let us now find a general value for the subtangent 
of the spirals. The subtangent is the prcjection of'th^, 
tangent on a line draivn through the pole and perpendicular 
to the radius-vector passing through the point of contact. 

The equation of the spirals may be written under the 
form 

in which'we may suppose t the independent variable, and 
its first difierential constant. 

Let AO=l be the radius of 
the measuring circle, PT a tan- 
gent to the spiral at the point P, 
and A T drawn perpendidular to 
Uie radius-vector AP, the sub- 
tangent. 

Take any other point of the 
spiral as P', and draw AP'. 
About the centre A describe the 
arc PQ, and draw the chord PQ. 
Draw also the secant PP and 
prolong it until it meets AjT, 
drawn parallel, to QP, at 7^. 
.From the similar triangles QPP^y AT'Py we have 




hence. 



PQ X QF :: AT' : AP"; 

QP'AF 
PQ AT' 



But when we pass to the limit, by supposing the point 

P^ to coincide witli P, the secant TPK will become the 

tangent PT, and AT will become the subtangent AT* 

16 



m 
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But under this suppoa^itian 
the arc NN^ will become equal 
to dt^ the arc PQ to the chord 
PQ (Art. 128); AF to u, and 
the line QP' to du. * 

To find the value of the ^ut; ( 
F^ we have 

I : THH'' %: AP : arc PQ;' 

hence, 

i : dt : : u : arc PQ, 

and PQ-udt. 

Substituting these valaes, and passing to the limit, we 
have 

du __ u ^ 
udt'^lr'^ 

hence, we have the subtangent 

u'dt 




AT = 



du 



198. If we find the value of tf and du from the gen- 
eral equation of the spirals 



U^oTf 



we shall have 



AT=-r*K 

ft 



DmERBlfTIAL €4I»0irLU«. 

In &e qur^ of Archimedes, we have 
f» = 1, «nd «=■--—; 

hence, XT= — . 

If now we make < = 2«*= circuTnfercnce of the mear 
Boring circle, we shall have 

AT =2^:= circumference of measuring circle* 

After m revolutions, we shall have 

and consequently, 

A r= 2l7l^«- :=: m . 2m?r ; 

Ihat is, the suhtangent^ after m revolutions^ is equal to 
m times the circumference of the circle described with 
the radiitS'Vector, This property was discovered hf 
Archimedes* 

199. In the hyperbolic spiral « = — 1, and the value of 
the subtangent becomes 

AT=--'a; 
that is, the subtangent is constant in the hyperbolic spiral. 

200. It may be remarked, that 

AT _udt 
AP'^ du 

expresses the tangent of the angle which the tangent makes 
with the radius-vector. 



184 BUMENTS OF THE 

In the togarithmic spiral, of which the equation b 
t=logtt, 

we have dt=:A — ; 

I* 

- AT udt . 

hence, _==_== A; 

that is, in the logarithmic spiral, the angle formed by the 
tangent and the radius-vector passing through the point of 
contact, is constant; and the tangent of the angle is equal 
to the modulus of the system of logarithms. If t is the 
Naperian logarithm of w, the angle will be equal to 45^. 

201. The value of the tangent in the spirals is 



PT^y/AP' + A'f^uy 



^_^uHf 



202. To find the differential of the arc, which we wiU 
lepresent by r, we have 

or, by substituting for C^P and P(^ their values, and 
passing to the limit, we have 
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203. The differenlial of the 
area ADP when referred to the 
polar co-(»-dinates, 1$ not an ele* 
jnentary rectangle as when re- 
ferred to rectangular axes, but 
is the elementary sector APP. 

The limit of the ratio of the 
sector APF with the arc NN\ 
will be tl;e same as that of 
either of the sectors APQ^ 
AP'P' between which it is 
contained, with tlie same arc 
2ViV^ Hence, if we designate 
the area by Sy and pass to the limit, we shall have 




ds APxPQ %? 



At 



UNN' 



or 



, t?dt 



which is the differential of the area of any segment of a 
spiral. 



Of Tangent Planes and Normal Lines to Surfaces. 



204. Let 



•i = F(a?,y,^) = G, 



be the. equation of a surface. 

If through any point of the surface two planes be passed 
intersecting tbe surface in two curves, and two straight 
lines be drawn respectively tangent to each of tbe curvesy 
at their common point, the plane of thes^ tangents will be 
tangent to the surface. 

205. Let us designate ifhe co-ordinates of the point at 

which the plane is to be tangent by a/',^, z^\ 

16* 
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Through this point let a plane be passed parallel to the 
co-ordinate plane YZ. This plane will intersect the 
surface in a curre. The equations of a straight line tan- 
gent to this curve, at the point whose co-ordinates are 
«^^y^V^ are 

the $rst equation represents the projection of the tangent 
on the co-ordinate plane ZX, and the second its projec- 
tion on the co-ordinate plane YZ (An. Geom. Bk. IX. 
Art. 70). 

Through the same point let a plane be passed parallel to 
the co-ordinate plane ZXy and we shall have for the 
equations of a tangent to the curve 

The coefficient -^ represents the tangent of the an^e 

which the projection of the first tangent on the co-ordinate 
plane YZ makes vrith the axis of Z ; and the coefficient 

-r- represents the tangent of the angle which the projection 
ciz 

of the second tangent on the plane ZX makes with the 
axis of Z (An. Geom. Bk. VIII, Prop, II). 

But these coefficients may be expressed in functions of 
the surface and the co-ordinates of its points. For, we 
have 

tt = i^(a?,y,«)=0, 

and if we suppose x constant, we shall have (Art 87) 

J, duj , duj ^ 
du=2^dy + -r'az=s0: 
dy ^ <fe 
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hence, Ji = -. -f : 

cur au 

and if we suppose y constant, we shall find, in a similar 
manner, 

du 
dx ^ dz ^ 
dz~^ du ^ 
dx 

hence, the equation of the projection of the first tangent on 
die plane of YZ becomes 

du 

dy 

*and the equation of the projection of the second tangent 
on the plane of ZX is 

du 

du ^ ^ 

dx 

The equation of a plane passii^g through the point whose 
co-ordinates are rc^, ^ , z^/ is of the form 

C 

in whichr-oWill represent the tangent of the angle which 

the trace on the co-ordinate plane YZ makes with the 
axis of Zf and — —the tangent of the angle which the 
trace on the plane of ZX makes with the axis of Z. 
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But since the tangents are lespecUTely parallel to the 
co-ordinate planes YZ^ ZXy their projections will be 
parallel to the traces of the tangent plane : therefore, 

du du 

C ^^ hence,- B=-#C; 
B du du ' 

dy dz 

du du 

C d^ . . di ^ 

— T-= — 7—, hence, — A = — r— C. 
A du du 

dx dz 

Substituting these values of B and A in the eq[uation 
of the plane, and reducing, we find 

which is the equation of a tangent plane to a surface at a 
point of which the co-ordinates are a/', y ', 2/'. 

206. A normal line to the surface being perpendicular 
to the tangent plane at the point of contact, its equations 
will be of the form 

du du 

dz di 



ELEMENTS 



or. TBI 



INTEGRAL CALCULUS. 



Integration of Differential Monomials. 

207. The Differential Calculus explains the method of 
finding the differential of a given function. The Integral 
Calculus is the reverse of this. It explains the method 
of finding the function which corresponds to a given 
differential. 

The rules for the differentiation of functions are explicit 
and direct. Those for determining the integral, or func- 
tion, from the differential expression, are less direct and 
are deduced by reversing the process by which we pass 
from the function to the differential. 

208. Let it be required, as a first example, to integrate 
the expression. 

We have found (Art. 32), that 
whence, oTdx ;= — ■ = d(——) , 
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and consequendy , 

is the function of which the differential, is af^dx. 

The integration is indicated by placing the character / 

before the differential which is to be integrated. Thus, 

we write 

^+1 



/a7"<ir = 



w + l' 



from which we deduce the following rule. 

To integrate a monomial of the form x"dx, augment 
the eocponent of the variable by unitt/j and divide by the 
exponent so increased and by the differential of the 
variable. 

209. The characteristic / signifies integral or sum. 
The word sum, was employed by those who first used the 
differential and integral calculus, and who regarded the 
integral of > 

af"dx 

as the sum of all the products which arise by multiplying 
the mth power of x, for all values of a?, by the con- 
stant dx. , 

dx 
210^ Let it be required to integrate the expression --j. 

We have,, from the last rule, 

^dx -, ^, x-^*' a?-' 1 

/^=/^- =33TT=:^="2^- 

In a similar manner, we find 



fdxy/x^:=fx'^dxz= 



1*1 1 i 

x^* a?8 3a?» 



2 5 
— + 1 — 

3 ^ 3 
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211. It has been shown (Art. 22), that the differential 
of the product of a variable multiplied by a constant, is 
equal to the constant multiplied by the differential of the 
Tariable. H^nce, we may conclude thai, the integral of 
the product of a differential by a constant, is equal to the 
constant multiplied by the integral of the differential: 
that is, 

or*' 



faaf^dx = afaf^dx = a 



m + l 



Hence, if the expression to be integrated have one or 
more constant factors, they may be placed as factors with' 
out the sign of the integral, 

212. It has also been shown (Art. 22), that every con- 
stant quantity connected- with the variable by the sign 
plus or minus, will disappear in the differentiation ; and 
hence, the differential of a + a:*", is the same as that of 
a?"; viz. TTMj^-'dir. Consequently, the same differential 
may answer to several integral functions differing from 
each other in the value of the constant term. 

In passing, therefore, from the differential to the integral 
or function, we must annex to the first integral obtained, 
a constant term, and then find such a value for this term 
as will characterize the particular integral sought. 

For example (Art. 94), 

-j2L=:=<z, or dy=:adxf 

is the differential equation of every straight line which 
makes with the axis of abscissas an angle whose tangent 
is a. Integrating this expression, we have 



tm 
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fdy=zafdx. 


or 


yz:zax, 


or finally, 


y=:ax + G. 



If now, the required line is to pass through the origin 
of co-ordinates, we shall have, for 

a? =: 0, y = 0, and consequently, C = 0. 

But if it be required that the line shall intersect the axis 
of F at a distance from the origin equal to + 6> we shall 
have, for 

x = 0, y = + 6, and consequently, C = + fe; 

and the true integral will be 

i/z=zax + b. 

If, on the contrary, it were required that the right line 
should intersect the axis of ordinates below the origin, we 
should have, for 

a? = 0, y = -- 6, and consequently, C = — 6 ; 

arid the true integral would be 

y = aa? — 6. 

213. It has been shown (Art. 95), that 

xdx + ydy =z 

is the diflferential equation of the circumference of a circle. 
By taking the integral, we have, 

fxdoc + fydy = Oy or a? + y*=0, 
or finally, a? + y* + C = 0. 



INTEGRAL CALCULUS. .198 

If it be required that this integral shall represent a given 
circumference, of which the radius is ii, we shall havei 
by making 

and hence, C = — U^ ; 

and consequently the true integral is 

aP + y^^R^z=0, or a? + f=zR\ 

The constant C, which is annexed to the first integral 
that is obtained, is called an arbitrary constant, because 
such a value is to be attributed to it as will cause the 
required integral to fulfil given couditions, which may be 
imposed on it at pleasure. 

The value of the constant must be such, as to render 
the equation true for every value which can be attributed 
to the variables. 

2l4. There is one case to which the formula of Art. 208 
does not apply. It is that in which m = — 1. Under this 
supposition, 

'^ wi + 1 -1 + 1 

But when m= — 1, 

fardx = Jx-^dx:=i f^, 

X 

and f— = logx + C. (Art. 57). 

.. 215. Since die differential of a function composed of 
several terms, is equal to the ^um or difference of the diffe- 
rentials (Art. 27), it follows tl>at the integral of a diffcren- 

17 
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tial expression, composed 6f several terms, is equal to the 
sum or difference of the integrals taken separately. For 
example, if 

du=:adx — -5- + a?V^cir, we have 
fdu =:f{adx -3- + ^ V^Sa?), and 

2ar 5 

216. Every polynomial of the form 

(a + 6a? + c J^ + &c.)"(ir, 

in which w is a positive and whole number, may be m^e- 
grated by the rule: for monomials, by first raising the poly- 
nomial to the power indicated by the exponent, and then 
multiplying each term by dr. 

If, for example, we make n = 2, and employ but two 
lerms, we have 

f{a + hxfdx -J{a^dx +2abxdx + iVctr), 

o 

Integration of Particular Binomials. 



217. If we have a binomial of the form 

du = (a + hafYcf^dx ; 

that i9> in which the exponent of thd variable without the 
parenthesis is less by unity than the exponent of the vari- 
able' within, we may make 
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a + haf = 0, which giVes 

nb 
Whence ct« = z —r, or « = 



«6' (/?t+ 1)726 • 

and consequently 

Hence, the integral of the above form, is equal to the bino- 
mial factor with its exponent augmented by unity ^ divided 
by the exponent so increased^ into the exponent of the vari- 
able within the parenthesis into the coefficient of the 
variable. 
For example, 

/(a + 3a?)^<ir = ^.|±^+C; and 

/(a + 6a?f »w:da: = ^(a + 6a?)^ + a 

218. A transformation similar to that of the last article 
will enable us to integrate certain differentials correspond- 
ing to logarithmic functions, li we hare an expression of 
the form 

adx 



du = 



c + bx 



dz 
make c + bx=^Zy which gives <fc = -r-, and by sub- 
stituting, we have 

/adx C<^dz a Cdz a . . •v 
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and by substitutbg for z its yalue 






a 



In a similar manner, we should find 

in which the jntegral is negative, since d( — a?) = — cir. 

. We can find, in a similar manner, the integral of every 
firaction of which the numerator is equal to the differential 
of the denominator, or equal to that differential multiplied 
by a constant^ 

If, for example, we have 

^^^i±±^cx)mdx^ 
a + hx + ca? ' 

make a + hx+ca?=zZy which gives, bdx + 2cxdx=:dzy 

ahd hence, 

, mdz 
du=z , or u = mlogz, 

and by substituting for z its value 

u = »ilog (a + bx + CO?), 

Of Differentials whose Integrals are expressed by 
the Circular Functions. 

219. We have seen, Art. 71, that if x designates an arc 
and u the sine, to the radius unity, we shall have 

du 
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du 



hence, / , =x+C; 

or adopting the notation of Art. 72, 



am *u+ C 



If the arc expressed in the second member of the equa- 
tion be estimated from the beginning of the first quadrant, 
the sine will be 0, when the arc is 0, and we shall have, 
for w = 

f , = 0, aad consequently C = 0, 

iand under this sui^osition, the entire integral is 
du 



h 



To give an example, showing the use of the arbitrary 
constant, let us suppose that the arc which is to be exr 
pressed by the second oiembcr of the equation, is to be 
estimated from the beginning of the second quadrant. Thiip 
supposition will render 



S-. 



du 



T-t? 



: = for 11 = 1. 



Butwhea tt=:l, «"*tt=3— »; hence, 
«Bd~we bare, for the entire integral, tmder iIub suppoRitioi^ 



du . _^ 1 



/du . _4 



i«e 
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220. It fireqaently haj^iis that we have expressions to 
integrate of the form 

dz 



Let us suppose, for a moment, that a is the radius of a 
circle, and z the sine of any arc of the circle ; and that u 
is. the sine of an arc containing an equal number of degrees 
in a circle whose radius is unity : we shall then have, 



hence, 

and consequently, 

du 



u=: — , and 
a 



. dz 
du = — ; 
a 



/ du _ r 



dz n 
a 









=/ 



dz 



V^3;?' 



dz 



^2? 



:sm 



the aire being still taken in a circle whose radius is unity. 

221. We have seen (Art. 71), that if x designates an 
arc, and u the cosine, to the radius unity, we shall have 

du 



dx=z 



Vi^' 



hencei 



/ 



du 



ot adopting the notation of Art. 72, 
du 



x + C; 



= C08""*W+C. 
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If the arc be estimated from the beginning of the first 
quadrant, it will be equal to — w lost ti = ; hence, the 

first member of the equation becomes equal to ^— ir when 

1 ^ 

ti = 0. But under this supposition, co8'"^ti= — ir : hence, 

C= 0, and the entire integral is 



222. By a method analogous to that of Art. 220, w6 
should find 

dz _, z 

:C08 * — , 

a 

die arc being estimated to the radius unity. 

223. We have seen (Art. 71), that if x represents an 
arc, and u its tangent, to the radius unity, we have 

• , iu 
dxtsi — - : 

hence, jT^~'''^^' 

at, adc^ting the notation of Art. 72, 

If the arc is estimated from the beginning of the first 
quadrant, we shall have 

tang"** = 0, when T— ^ = 0; hence, C = 0, 
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and the entire integral is 



/i 



tang /M. 



1 + u^ 

224. To integrate expressions of the form 

dt 

let us suppose for a moment that « is the radius of a circle, 
and z the tangent of any arc, and that u is the tangent 
of an arc containing an equal number of degrees in a circle^ 
whose radius is unity : we shall then have 

I : u :z a : z; 

• z ' 9 z^ ^ , dz 

hence, u = — , uf = -^. and att = — , 

a a . a 

and consequently, 

/du C dz . -1 ^ • 

hence, by dividing by a, 

/' dz 1 ^ ^1 ar 

the arc being estimated to the radius unity, 

225. We have seen (Art 71), that if a? represents an 
arc, and u the versed-sine, to the radius of unity, we have 



dx=z 



^'^u-^v?' 



(m 



hence, / , '^"^ = a? = ver-sin""*tt +C: 
J V2tt — tt^ 
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and if the arc is estimated from the beginning of the first 
quadrant, C = 0, and we shall have 

/du . _i 

. ■ — = Y^r-8m u. 
V2i7--t? 

226. To integrate an expression of the form 

dz 
V2az-2^' 

Suppose, as before, a to be the radius of a circle, and 
we shall have (Art. 224), 

z J dz 

f/ = — , du=z — ; 
a a 

and consequently, 

/du r dz ^ . , z 

J . = I — 7== = ver-sm-* — 

V2u-'U^ J V2az-^z^ a 

to the radius unity. 

Integration by Series. 

227. Every expression of the form 

XdXf 

in which X is such a function of x, that it can be developed 
in the powers of a?, may be integrated by series. 
For, let us suppose 

X=Aaf+Bx^ +Caf + Dx* + &c., then, 
Xdx^Ax'^dx + BoJ'dx+Cx'dx + Dx^dx + &,c.^ 
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Hence, the integration by series is effected by develop^ 
ing the function X in tJie powers of x, multiplying the 
series by dx, and then integrating the terms separately. 

Let us take, as a first example, 



^ a + x ' 



^dxx = dx{a + a?)"', 



a + x a + x 

a a a . a 
and consequently, 

/dx f/l , xdx , a^dx c?dx , « \ 
— — -= / {— da? — --2- + --3--'— ^ + &c.V: 
a + x J \a cr a^ a* / 

and integrating each term separately, we obtain 

/ ' dx _ X c? c^ ^^ A^ Ar j-r* 

/dx 
= log(a + a?) (Art. 218), 
a "+ X 

we. have 

X ^ I -^ __ ^* 



log(a + a;) = — -— 3 + — 3-— , + &Cv+C 



To determiiie the value of the constant, make a?=:0, 
which gives , 

log a = + C, or C = log a ; hence, 
log(a + ^) = loga + ^_^ + ^_£j+&c.. 

log(a+a.) - Ioga=log (l + ^) = -^ - ^, + ^- &c., 
a result which agrees with the development in Art. 68. 
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doc 
228. Let us take, for a second example -; — --r. 

1 + ar 

We have, -^ = Ar(l + a*)-' ; 

and by developing and integrating, 



/i 



dx a? a? x^ « ^ 

= *--- + — - — + &C. + C. 



1 + a^ 3 5 7 

When we make a? = 0, the arc is ; hence. 



-, a? , of 



tang""' j?= i» — — + — — _ + &c.; 

a result which corresponds with that of Art. 78. 

doc 
229. If, in the expression - — —y we pl^ce oc^ in the 

1 + ar 

first term of the binomial, and then develop the binomial 
35^4-1, we obtain 

and by integrating, we have 

tang-a,= -l + g^-^ + &c. + C. 

To find the value of the constant C, let us make the 
arc =:90^ = -«'. This supposition will render the tan- 
gent X infinite, and consequently every term of the series 
will become 0, and the equation will give 

i.5r = 0+C, or C = i-«-. 
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Making this substitution, we have, for the true integral, 



r ia? - _, 1 1.1 1 , 



&c. 



230. The two series, found from the expressions -^ 

dx l + cc* 

and 3— > are, as they should be, essentially the same. 

Ou "J- 1 

For, the tangent of an arc multiplied by its cotangent, 
is equal to radius square or unity (Trig. Art. XVIII). 
Hence, if we substitute for x, in the first series, -, we 

X 

shall have, for the complemental arc, 

and subtracting both members from -«•, 

_^^tang - = tang 0: = -^ -_+ ^^^ ^+&c. 

231. We have found (Art. 71), 

sin"*a7= / . = (1 --a^y^dx; 

and by developing, we find 

\(i-^n=n-i-A^+i-4*'+i-4.|-^+&c.,' 

multiplying by da?, and integrating, we obtain, 

. .1 , 1 a? ,1 3 o^ .1 3 6 a?"^ . - 

^23^246^2467 ^ ' 
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the constant being when the arc is estimated from the 
beginning of the first quadrant. 

If we take the arc of 30^, the sine of which is equal 
to half the radius (Trig. Art. XIV), we shall have 

-io/v« 1,111.13 11.13 6 11.. 

hence, 

^ • -lono o/l 111 1-3.1.1 1.3.6.1.1 . . \ 

and by taking the first ten terms of the series, we find 

«■ = 3. 1415962, 

which is true^to the last decimal figure, which should be 5, 
232. We will add a few more examples. 

1. To mtegrate the expression . 

By making V^ = w, we have 

dx _ da? _ 2dt< 

Var-it^" ^^li^/\^x~' Vl-t^* 

But firom the last series 

/%du ^/ . Iw' , 1 3i^ . 1 3 6tt^ . . \ , ^ 

hence 

J V^Zl? V^23^24 5 V46 T ^ «''';V*-t-v.. 

2. cfcy2a2r^==(2a)«««iic^l-— )•. 

18 
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But 



\ 2aJ 2 2a 2 * 4 4cr^ 2.4.6 8a^ 

hence 

'' \3 2 6 2a 2 4 7 4a* 



2. 
1132 a?' jcN/TT-.ir. 
2 4 6 9 8a^ }^ 

and consequently 

.-7-.— .— TT-n— &c. )2xi/2ax+ C. 

2 4 6 9 8a-^ / ^ 

If the radius of a circle be represented by a, and the 
origin of co-ordinates be placed in the circumference, the 
equation will be (An. Geom. Bk. Ill, Prop. I, Sch. 3), 

y^z=.2ax — x^\ hence ., y = ^/2ax^a?y 

and consequently (Art. 130) 

dx '^2aX'^a? = ydx 

is ihe differential of a circular segment. 

If we estimate the area from the origin, where a: = 
we shall have C = 0. If then we make a? = a, the series 
will give the area of one quarter of the circle, if we make 
w == 2a, of the semicircle. 

dx la? . 1.3ar* 1.3.5a?'' . . 



s 



\rr+^ 2 3 "^2.4 5 2.4.6 7 



•/ 
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dx J I 1.3 1.3.6 - . ^ 



V^ZTl, 2.205^ 2.4.4a?* 2.4.6.6a:^ 



Integration of Differential Binomials. 

234. Differential binomials may be represented imder 
the general form 

p 
ar'-^dac{a + bary^ 

in which, without affecting the generality of the expres- 
sion, m and n may be regarded as entire nmnbers, and n 
as positive. 

For, if m and n w«re fractional, and the binomial of 
the form 

i 1 £ 

x^dx{a + hx^Y 

make x = z^y that is, make the exponent of z the least 
common multiple of the denominators of the exponents 
of Xy and we shall then have 

i 1 ' > 

x'' dx{a + hx^)^=z^z'dz{a + li^)% 

in which the exponents of the variable ara entire. 
If n were negative, we should have, 

!jf^^dx{a^bx'*yy 

a»d by making a? = — ^ we should obtain 

t 

the same form as before. 
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FuTthennorey the binomial 
may be reduced to the form 

by dividing the binomial within the parenthesis by off ani! 

multiplying the factor without by x* . 

235. Let us now determine the cases in which the 

binomial af*^^dx{a + bafy has an exact integral. 
Make a + 6a:* = «* ; we shall then have 

m 

and by differentiating, 

.-i/^- ax- 



hence 






which will have an exact integral in algebraic terms when 

— is a whole number and positive (Art. 216). If -— is 
n '^ n 

negative see Art. 260. 

Hence, every differential binomial has an exact inte- 
gral, when the exponent of the variable without the parent- 
thesis augmented by unityy is exactly divisible by the 
exponent of the variable within. 

Thus, for example, the expression 

ofdaia+hfy 
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has an exact integrals For, by comparing it with the 
general binomial, we fiad 

m = 6j n=z2f and congequeatly, — = 8, 
and the traafifcHnaed biAonual becomes 

236. There is yet another case in which die binomiaf 

iif^^da:{a+hsf)^ has an exact integral. 

If we multiply and divide the quantity within the paren- 
thesis by aT, we have 

Now, if we add vnily to the exponent of x without the 
parenthesis, and divide by -^Tt, the quotient will be 

— ( — ^■ )> *^ ^® expreftsion will have an exact 

integral when this quotient is a whole number (Art. 235)1 
Hence, ecMsry difermtial binomial has ah ^siact integral^ 
when the ea^pometii cf the variable withotuit ike parenthesis 
augmented by amity and divided by ^ exponent of thf 
variable withim tfce parenthesis^ plus tjke exponent of the 
parenthesis^ is mt entire number, 

237. The ialegrajtion of differential binomials is effected 
by resoi^ing fliem jnto two |^art% of wUth 4>ne at- leastfiair' 
a known integral. . - 

We hSM Aeen <Ait. 28) tha» 

^MV)=itidv + pdUf 
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whence, by integratiDg, 

uv=fitdv+fvdtif 
and, consequently, 

fudv = uv —fvdu. 

Hence, if we have a differential of the fonn Xdx^ in 
which the function X may be decomposed into twjo factor» 
P and Q, of which one of them, Q(£r, can be integrated, 
we shall have, by making JQdx = v and P = i/, 

fPQdx=:Pv^fvdP, 

in which it is only required to integrate the term fvdP. 

238. To abridge the results, let us write p for ^, in 

which case p will represent a fraction, and the differential 
binomial will take the form 

x'^-^dxia + bary. 

If now, we multiply by the two factors a?" and a?""", the 
value ^ill not be affected, and we obtain 

oT-'^ar-'dxia + bary. 

Now, the factor af*^^dx{a + bafy is integrable, whatever 
be ,the value of p (Art. 21 7) ; and representing this ^'actor 
by dvy we have 

(p + l)nb' 

and, consequently, 

faT-^dxia + bafy^z 

{p + l)nb . {p+DnbJ"^ <ix(a + tar) . 



INTEGRAL CALCULUS. ' 211 

But, /a/*— *da?(a + fcB^)'*» = 

^ afar-''''dx{a + baT)' + bJaT'^dx^a + bapy ; 

substituting this last value in the preceding equation, and 
collecting the terms containing the integral 

Jar-^dxia + bary, 
we have 

ar-"(g + fca?^)"*^ - a{m --.n) f x''^*-^ dx{a + bxy , 
(i>+l)nfe ' 

whence, 

fomdula (A.) jo^'^dxia + 6ir^)' = 

fc(pn + »i) 

This formula reduces the differential binomial 

Jf^'^dx^a^bo^y to that of /a^-"-*efe(a + &r^)'; 

and by a similar process we should find 

Ji^-'^^dxisL'^rboty to depend on /a^-'"-' da? (a + 60:^/; 

and consequently, each process diminishes the exponent 
of the variable without the parenthesis by the exponent 
of the variable within. 

After the second inte^ation, the factor m^Uj of the 
second term, will become w — 2n; and after the third, 
m — 3n, &c. If m is a multiple of w, the factor »i — h, 
fn — 2nf m-^ 3n, &c., will finally become equal to 0, and 
then the diJBferential into which it is multiplied will disap* 
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pear, and the given differential will have an exact integral, 
which corresponds with the result of Art. 235, 

239. Let us now determine a formula for diminishing 
the exp<ment of the parenthesis. 

We have 

Applying formula (A) to the second term, by placing 
m + n for niy and p — 1 for p, we have 

b{pn + m) 
Substituting this value in the last equation, we hare 

formula (B) . .far''dx{a + ba^y== 

ar(a + bary+ptiafar'-^dx{a -f hxTy-^ 
pn + m . ' 

which diminishes the exponent of the parenthesis by unity 
for each integration. 

240, By means of formulas (A) and (B), we reduce 

f^'^dx{a + bary to far''''-^dx{a + bar)^'; 

m being the greatest multiple of n which can be taken 

from m— 1, and s the greatest whole number which can 

be subtracted finmi p. 

1 
For example, J<j^dx{a -(- hafiy is reduced, by formula 

(AVto 

s r 

/^dxia + bsi?)\ and then to fxdci;{a + bg?)^: 
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and by fonnuk (B) fxdx{a + ha?^^ reduces to 

1 1 

fxdx(a + fca?)*, and Ifinally to fxdx{a + hof^. 

241. It is evident that formulas (A) and (B) will only 
diminish the exponents w — 1 and p, when m and p are 
positive. We will now determine two formulas for dimin- 
ishing these exponents when they are negative. 

We find from formula (A) 

ar-"(g 4- ft^)'"*-^ - b(m + np)fa^'^dx{a + hary ^ 
a(m — n) 

and placing for ot, — m + n, we have 

formula (C) /a?-"-*da?(a + 6af)^ = 

— a?7i > * 

in which formula, it should be remembered that the nega- 
tive sign has been attributed to the exponent m. 

242. To find the formula for diminishing the exponent 
of the parenthesis when it is negative. 

We find, firom formula (B), 

far-'dx(a + bary-^=: 

pf{a + hafy -{m + np) f aT"^ dx{a + bary 
pna ' 

writing for py — p + 1, we have 

formula (D) /ar-*ia?(a + &zf)-' = 

(|)— l)na 
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This formula does not apply to the case in which p = 1. 
Under this supposition, the second member becomes infi- 
nite, and the differential becomes that of a transcendental 
function. . 

243, It is sometimes convenient to leave the variable in 
both terms of the binomial. ' We shall therefore determine 
a particular formula for integrating the binomial - 



V2aa7 — a;^' 
This binomial may be placed under the form 

Jx ^dx{2a^x) % 
and if we apply formula (A), after making . 

m = q+—y n=l, p=-— , a = 2a, 6=-l, 

we shall have 

fx «dir(2a-a?)"* = 

^^ ^4 ^^ — —Jx '^dx(2a^x) «: 

and if we observe that 

X * =:a7 a?.2 57 * = a: a? 2, 

and pass the fractional powers of x within the parentheses, 
we shall have 

formula (E) r cfdx _ 

J '>/2ax^a? 

a^"V2ga?~ar^ , {2q-\)a f x'-^dx 



'-/ 



V2(3wc-ar»' 
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which diminishes the exponent of the variable without the 
parenthesis by unity. If q is a positive and entire num- 
ber, we shall have, after q reductions 

/dx . , a? » 

-7===r = ver-sm"*— . (Art. 226). 
V2^-a? a ^ 



Integration of Rational Fractions. 

244; Every rational fraction may be written under the 
form 

Par-'+Qx''^\ +Rx + S . 

Fx'' + Qx'^"' +R'x+S' ^' 

in which the exponent of the highest power of the varia- 
ble in the numerator, is less by unity than in the denomi- 
nator. For, if the greatest exponent in the numerator was 
equal to or exceeded the greatest exponent in the denomi- 
nator, the division might be made, giving one or more 
entire terms for a quotient and a remainder, in which tlic 
exponent of the leading letter would be less by at. least 
unity, than the exponent of the leading letter in the divisor. 
The entire terms could then be integrated, and there 
would remain the fraction under the above form. 

Place the denoming^tor of the fraction equal to : that 
is, make 

Far+QaT-^ R[x+ S' = 0, 

and let us also suppose tha,t we have found the n binomial 
factors into which it may be resolved (Alg. Art. 264). 
These factors will be of the form a? — a, a? — 6, ^— c, 
a? — d, &c. Now there are three cases : 
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Ist When the roots c£ the equation are real and 
uneqoaL 
2d. When they aie real and eqoal. 
3d. When there axe imaginary taucUas. 
We ynH consider these cases in succession. 

1st. When the roots are real and unequal. 
245. Let ns take, as a first example. 



By decomposing the denominator into its frctors, we 
haye 

adx _ adx 

a? — fl?""(ar — a)(ar + a)' 

and we may make 

^ =f_iL+_^W 

{x — a){x + a) vr — a x-{-a/ ' 

in which A and B are constants, whose values are yet to 
be determined. In order to determine these constants, 
let us reduce the terms of the second member of the 
equation to a common denominator ; we shall then have 

adx _ {Ax + i4a + Bx — Ba)dx 

{x — a){x-\-a) {x — a){x + a) 

In comparing the two members of the equation, we find 

a = Aa? + Aa + jBa? — 5a ; 

or, by arranging with reference to x, 

(A + jB)a? + (A-jB-l)« = 0. 

Buty since this equation is true for all values of x, the 
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coefficients must be separately equal to ( Alg. Art. 208) : 
hence 

il + JB = 0, and (A-JB-l)a = 0, 

^hich gives 

Substituting these values for A and B, we obtain 
adx _ -j-da? jdx 

and integrating, we find (Art. 218) 

/ ir? = Y ^^S(^ - «) - ylogC* + a) + C, 
and, consequently, 

246. Let us take, as a second example, -—- — -jdqr. 
The factors of the denominator are x and o^ — ^; but 
fl? — a? = (a + «) (a — *) : 
hence, the given jBracdon beccxnes 

x{a — x){a + x) 
Let U8 now make 



4t(«--4?)(a + a?) X a-^x a + x 
19 
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reducing the terms of the second member to a conomon 
deuominator, we have 

<f + ba? Ac^" A3?+ Box +Bo^'+ Cox -La? 



x{a — a?) (a + x) x(a — a?) (a + a?) 

and, comparing the like powers of x (x4Jg. Art. 208), 

From these equations, we find 

' 2 ' 2 ' 

and substituting these values, we obtain 

c^ + bo? J dx , a + b , a+b , 

-,- -dx = a h -TT rdx — --r -cto ; 

c?x — a? X 2(a — a?) 2(a + a?) 

and integrating (Art. 218), 

fa^^ba? , , a + b. , . 
Jlh^ZT^^""''^''^'' g-log(a-a:) 

-^log(a + a7)+C 
= flloga?- 2_[Iog(a - x) +Jog(a + x)\ + C 
- alog a; - £L±^log(a ^ a?) (a + a?) + C 
= alogar ~— log(a* — c?)+C 

\ 

= aloga? — (a + 6) log v^a» — a?+ C. 

Qj, ft 

847. Let us take,,for a third example, ^3 — ^ ■ ^ (fe. 
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Resolymg the denominator into the two binomial factors 
(Alg. Art. 142), (a?-r2), (a? — 4), we hare 

H 7, hence . 



a;^— 6a? + 8 a? — 2 a? — 4 

aa?~5 Aa?-4A + jBa?~2jB ^ 

aJ^-6a?H-8"" ar*-6a? + 8 ' 

and by comp^ing the coefficients of a:, we have 
^5=-4A-25, 3 = A + 5, 
which gives 

and substituting these values, we have 
c/a?2~6a? + 8 2 •/ a?-2 "^ 2 •/ a7-4 "^ 

= Y^^gC^ - 4) - -^-i^gC^ - 2) + C. 

248, Let us take, as a last example, 
xdcc 

Resolving the equation 

c^ + iax-^V^O, 
we find 

«=-.2a + V4a« + 6* «= -.2a-.y4fl? + 6^, 
and consequently, for the product of the factors. 



(a?+2a+ VJ^+F) (a?+2a-. VicF+V)^o^+^ax'^V. 
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To simplify the work, represent the roots by — JT and 
— L, and the fiustors will then be 

x + K, W + Ly 

and we shall ha^e 

Y __ : hence 



a? + 4aa?-6^ x + K x + L 

X Ax + AL + Bx+BK 

a? + 4aa: — i^~" a? + 4aa? — 6^ 

whence, 

AL + BK^O, il + jB=l, 

and, consequently, 

hence^ 

Xdx Jf T / . rrx -t 



249. In general, to integrate a rational fraction of the 
form 

PaT'^+Qar^^ +Rx+8~ 

or +Ctar'' +R'x+S^ ' 

1st. Resolve the fraction into m partial fractions^ of 
which the numerators shall he constants, and the denomu 
motors factors of the denominator of the given fraction, 

IM. Find the values of the numerators of the partial 
fractions, and multiply each by ix. 
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3d. Integrate each partial fraction separately, and ihie 
sum of the integrals thus found will be the integral 
sought. 

250. The method which has just been explained, will 
require some modification when any of the roots of the 
denx>minator are equal to each other. When the roots are 
unequal, the fraction may be placed under the form 



{x — a) (a? — b) (a? — c) (a? — d) (x — e) 
A B C D . E 



a? — a a? — i x^c x-^d x^e^ 

if several of these roots are equal, as for example, 
a=:b=:Cy the last equation will become 

Pa:*+Qar^+&c. _A + B+C^ D^ E 



(a? — af (a? — d) (a? — e) x-^a x^d x — e* 

in which A-{-B+C may be represented by a single con- 
stant A^ 

Now, in reducing the second member of the equation to 
a. common, denominator with the first, and comparing die 
coefficients of the like powers of a?, we shall have fire 
equations of condition between three arbitrary constants, 
A^j jD, and E : hence, these equations will be incompati- 
ble with each other (Alg. Art. 103). 

If, however, instead of adding the three partial firactions 

A B C 

a? — a* a? — 6* x^-c^ 

which have the same denominator, we go through the 

19* 
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process of reducing them to one, their sum may he placed 
undet the form 

iwr, by omitting the accents, 

A + Bx+Co^ 
{x^af * 

251. Let us now make 

x-^a = Zy, and consequently, a? = « + a ; 
we i^all then havQ 

A + Bx+Ca? A-hBa + Ca^ + Bz + 2Caz+C!t^ 

A + Ba+Ca^ .B + 2Ca.C 



substituting for z its value, and representing the numera* 
tors by single constants^ we have 

A + Bx+ea!' _ A' B' O 

{x-af ""(a?-.af"*"(ir-a)2'^a?-.a^ 

ttie form under which the firaetion may be written. 

Sincie the same reasoning will apply to the case in 
iK)iifh there aie m equal factors, we conclude that 

PoT'^ ^ Qar-^"^ +Rx+8 

' {x-^af ' ^"^ 

_A_ ^ A^' . A^\..' 

36SL In order^ thereforCi to integrate the fraction 
Pa;*+(ya?+ &c. , 



(«-a^(«-.d)i(»-«]i 
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pla^e it equal to 



^ +.::^+:^+:A+ * 



then, reducing to a common denominator, and comparing 
the coefficients of the like powers of Xy we find the yalues 
of the numerators of the partial fractions. Multiplying 
each by dx^ and the given fraction may be written imder 
the form 

7 x3^+7 \i^ + l rdir + — -jdajH dx. 

(x^ay {x—ay (a?--a) ar— a a? — « 

The first two fractions may be integrated by the method 
of Art. 217, and the three last by logarithms. Hence, finally. 



/ 



Pai'+Qx' + Ib?-\'Sx+.T j^^_ A A' 



(op — a)^(a? — d)(a? — e) 8(ar — a)* a? — a 

+ Anog{x - a) + D\og{x -d) + E\og{x - c) + C. 

253. Let it be required to integrate the firaction 
2ax 



{x + af 
We have 



dx. 



2ax A A! 



+ 



(a? + a)^ (pn-VaY ' x^a 

reducing the fractions of the second member to a conunon 
denominator, and comparing the coefficients of a? in the 
two members, we have 

2a = A' and il + A'a = 0: 

hencei 

A = -20*, and il'5=2«; 
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and, consequently, 

2aoodx _ 2c?dx 2adx 

hence, (Arts. 2fl7 & 218), 

254. Let us find the integral of 
a?dx 



os^ — aa? — €?x -H a^* 



By placing the denominator equal to 0, we see that, by 
making a? = a, the terms will destroy each other : hence, a 
is a root of the equation, and a?— a a factor. Dividing by 
a? — a, the quotient is a? — a^ : hence, the fraction may be 
placed under the form 

c^dx c^dx 

(a^ — a^) (a? — a) ~" (a? + a){x — a){x — a) 

_ a?dx 

""(a? — a)'(ar + a)* 

Let us now make 

x" ^ A A' B 

(a? — a)*(ar + a) ""(a?~Ta)^ {x — a) x + a 

Reducing «the terms of the second mepiber to a common 
denominator, we have 

a^ _ A{x + a) + A'{c?-^ a») + g(a? - 0^ , 

(af-a)V + o)~" {x^a)\x + a) ' 

and developing, and comparing the coefficients of the liko 
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powen of Of we obtain the equations 

A' + B = l, A'^2Ba = 0, i4a-ilV + 5<^ = 0. 

Multiplying the first equation by a^ and adding it to the 
third, we have , 

then multiplying the second by a, and adding it to the last, 
we have 

a^ = 2 Ac, and consequently, A =* — a ; 
substituting this yalue of A, we find 

4 4 

Substituting these values of Ay A\ and JB, we have ^ 

(a?-a)2(a? + a)"'2(a7-.af"*"4(a?-a)"^4(af + a)* 
and consequently, 

+ llog(a? + a)+C. 

255. We can integrate, in a similar manner, when the 
denominator contains sets of equal roots. Let us take, as 
an example, 

adop adx 

(a?- 1)2 "-(a.- 1)2(^4- 1)2- 
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Make 

{x-\)\x+lf^(x^\f^CD-\ ^{X+If X+\' 

reducing the second member to a comtnon denominator, 
we find the numerator equal to 

A{x+\f+A!{x- i){x+\f+B{x-^\Y+B\x-k^l){x-\f\ 

and comparing the coefficients with those of the numera- 
tor of the first raembet, we have the foUbwing equations : 

2il -A^-.2JB-B^ = 0, 
A -A^+ B + B'-a: 

Conabining the first and third equations, we find A=zB; 
and combining the sepond and fourth, gives 2A + 2B = a: 
hence, we have 

4 4 4 

consequently, the given differential becomes 

I r dx dx dx dx 'I 

T\{x---iy'^{x+iy''7^'^^rPiJ 

and by integrating, 

266, If an equation of tbe second degree has imaginary 
roots, the quantity under the radical sign will be essentially 
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negative (Alg. Art. 144), and the roots will be of the form 

and the two binomial factors corresponding to the roots 
will be 

Hence, for each set of imaginary roots which arise from 
placing the denominator of the fraction equal to 0, there 
will be a factor of the second degree of the form 

a?±2ar + a2 + i2. 
257. If the imaginary; roots are equal, we sh^U have, 

a = 0, x= + b V— 1, a? = — 6 -/— 1, 

and the factor will become a? + V^. 
In the equation, 

a;^-6ca?+10c2 = 0, 
the roots are, 

a? = 3c + cV— 1> a? = 3c — c/— 1 ; 
comparing these values of x with the general form, we 
have 

tt = — 3c ' 6 = c, 

and the given equation takes the form 

a?-6cir + 9G^+c? = 0. 
Comparing the r^ts of the equation, 
a?+4a?+12 = 0, 
with the values of a? in the general form, we have 

tf=2, 6=:-/8, 
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and the equation may be ivritten under the fonn 

258. Let us first consider the case in which the deno 
minator of the firaction to be integrated contains but one 
set of imaginary roots. The fraction will then be of the 
form, 

P+Qx + Ra^+Sa?+ ice. , 

. (a?- a) (a?- 6) (x-^h)(x'+2ax + a'-\-U') * 

which may be placed under the form 

Ada Bdx Hd<s Mx + N , 

• 1 r • • • • 4" " 1 "r „2 1 o 1 _2 I T2^*^* 



x^a'^x-b ^X'-h^x'+2ax + a' + e^ 

The first three fractions may be integrated by the methods 
already explained: it therefore only remains to integrate 
the last, which may be written under the form 

Mx + N , 



{x + af + b' 
If we make x + a = Zj the expression becomes 

Mz + N—Ma j 
~~^+¥ "^^^ 

and making' N — Ma = P, it reduces to 

Mz + P, 

which may be divided into the parts, 
Mzdz . Pdz 



which may be integrated separately. 
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To integrate the first teim, we have 

fMzdz __ rzdz_M r2zdz 
J z'-^^^J 2? + V 2J 7? + V' 

in which the numerator, 2zdz^ is equal to the differential 
of the denominator: hence (Art. 218), 



/Mzdz Af, / o , MX. 



or by substituting for z ite value, ai + a. 



/^ = |log[U + «y' + *'l^ 



= — logCa* + 2<KC + «? + 6^) 
3 



= M\og^iB* + 2ax + (^ + V. 
Integrating the second term by Art. 224, gives 
r Pdz P^ -i/z\ 

or by substituting for z its value, x+a, and for P, 
N'-Ma, we have 

aiui finally. 



f Mx + N j_ 



M\oeVa» + iiax + a'+V + ^~^'' tang-'^(^). 
859. Let us take, as an example, tbe fractioa 

20 
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in which, if + 1 he substituted for x^ the denominator 
will reduce to : hence, or — 1 is a factor of the denomi- 
nator. Dividing by this factor, the firaction may be put 
under the fonn 

m which a? + a?+l is the product (rf the imaginary 
£5u:tors. Placing this product equal to 0, finding the roots 
of the equation, and comparing them with the general 
yalues in the form 

a?+2^ + c? + 6^=0, 
we find 

We may place the given firaction under the form 

c+fx _ A Mx + N ^ 

{x-'l)(a?+x+\)^ x-^\ a? + x+V 

reducing the second member to a common denominator, 
and comparing the coefficients of a? in the numerator with 
those of d? in the numerator of the first member, we obtain 

Substituting these values of M and iV, as also those of a 
an4 bj in the general formula of Art. 258, and recdlecting 
that 
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we find 

260. The equation which arises from placing the de- 
iiominator of the fraction equal to 0, may give several 
pairs of imaginary roots respectively equal to each other 
In this case, the factor a^dz2a{v+€^ + lP will enter 
several times into the denominj^tor, or will take the form 

and hence, that part of the fraction which contains the 
pairs of , equal and imaginary roots, must be placed under 
the form (Art. 251) 

H+Kx 1 H:¥K'oo 



(a? + 2ax + d'+by {^a? + 2acc + c? + U'y-'' 



^ ix'+2ax + a:' + by-' ar^ + 2aa? + a^ + 6^' 

Now, reducing to a common denominator, and comparing 
the coeflBlcients, we find the values of the constants 

H, K, H, K\ H\ K[.,....H\ K" . . . . 

after which, multiply each term by dx^ and then integrate 
the terms separately. 

Since all the terms are of th^ same general form, it will 
only be necessary to integrate the first term, which may 
be written under the form 

H+Kx , 
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which, if we make a? + o = 2:, will reduce to 
H-'Ka + Kz ^ 

and making M=H^ Ka, it wiH become 

M+Kz , _ ^K^dz ' Mdz 

The first term of the second member may be placed midei 
the form 

Kfil^+z'y^zdz, 

and integrating by the formula of Art. 217, we have 

Kzdz IK 1 



s. 



n+C. 



It then only remains tcr integrate the second term 

By comparing the second member of this equation with 
formula (D), Art. 242; we see that it will become identical 
with the first member of that formula, by supposing 

m=l, a = y, ft = l, and n = 2; 

and hence, by means of that formula, the exponent —p 
may be successively diminished by unity until it becomes 
->- 1, wken the integration of the term will depend oa 
that of' 

dz 

But we haye already found (Art. 224)i- 

f dz"" 1 ^ir^\ 
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and hence the fraction may be considered as entirely in* 
tegrated. 

261. It follows, from the preceding discassion, that the 
integration of all rational fractions depends on the follow- 
ing forms : 

1 St. fcf'dx = -. 

2d. r-^=±log(a=t:a?). 

Integration of Irrational Fractions. 

262. The method of integrating rational fractions having 
been explained^ we may consider an irrational fraction as 
integrated when it is reduced to a rational form. 

: 263. Every irrational fraction in which the radical 
quantities are monomials, may be reduced to a rational 
form. 

Let us take, as an example. 



dxi or — I f. 



Having found the least Common multiple of the indices 
of the roots; (wbiph indices are the denominators of tke 
fractional exponents,) substitute for x a. new variable, $^, 
with this conuncm multiple for an exponent, and the frac- 
tion will then become rational in texin? <A z. 
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In the example giYeii» the least commoQ multi{de is 6; 
hence we have 

« = i«* and '^=«', -(^=2!*, dop^d^dz; 
and substituting these values, we obtain 

an esqpression which may be integrated by rational fiac- 
tions ; after which we may substitute fcr ^ its value, {^x. 

264. If the quantity under the radical sign is a polyno- 
mial, the fraction cannot, in general, be reduced to a 
rational form. We can, however, reduce to a rational 
form every expression of the form 



X{VA + BxdczCa^)dx, 

in which X is supposed to be a rational function of x. 

If we write a denominator 1, and then multiply the 
numerator and denominator by Vi4 + Bx±. Ccf^ the 
expression will take the form 

X'dx 



Va + Bx^o?' 

in which Jt^ is a rational function of «: hence the two 
forms are essentially the sano^e. 

If now, we can find rational values for VA+Bx:kQf 
and for cb, in teims of a new variable, the expression vnU 
take a Mtaiai form. 

There are two cases to be considered: 1st., when the 
coefficient of a? is positite ; «nd> Ski, when it is negative* 
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Let U8 consider them separately. First, make 

= VCy/a + bx + af, 

in which a = — , 6 = 77. 

In order to find rational values for dx and Va+Ja+ac', 
place 

Va + 6a? + a? = a? + «, (1) 

from which, by squaring both members, we find 

a + bx=^2xz + s^, (2) 

and hence, 

and substituting this value in equation (1), 

Va + bx + x^= "" +z; 
b^2z 

and by reducing to the same denominator, 

s?-^bz + a 



Va + te + fg? = — ^ 1. ' (4) 

Let us now find the value of cio? in terms of z. For this 
purpose we will differentiate equation (2), we then find 

. bdx = 2xdz + 2zdx + 2zdz; 

whence we have 

(5 — 2z)(ip =;: 2 (a? + sr)(ir ; 
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and by subtracting equations (1) and (4), and substituting 
fot x + z the value thus found, we*have 

265. Let us take, as an example, 
dx 



which may be written under the form 

dx 
-/C xxVa'\-bx + a?* 

and substituting the values of Va + bx + a? and dx^ from 
equations (4) and (5), we have 

dx __ 2dz 

^a + hx + c^'"f>-^^' 

and multiplying the denominator by the yalue of x^ in 
equation (3), 

dx _ 2dz 

and then by Vc^ we have 

dx dx 2dz 

VC X X Va + bxT^' x^/A+Qx+Caf" {;^-^a)VC 

which is a rational form, and may be integrated by the 
methods already explained. ^ 
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266. Let us take, as a second example, 
dx 

which may be placed under the form 

dx 

c ' 



Vi+^' 



and comparing this with the form of Art. 264, gives 

c = ^/C, 6 = 0, -^ = 0. 

Hence, 

/dx _ ^ /* ^ 

Having placed 

we found, Art. 264, equations (5) and (4), 

hence 

•/ Va + aP J z 

Substituting for z its value, and multiplying by — ^ we 

c 

have 

and substituting for a its value, -j, we have 



986 SI^MENTS OF THE 



= log — Iog( VM-"?^ — ca?)+ C 



c c c 



But since the difference of the squares of the two terms 
within the parenthesis is equal to A, it follows that if A 
be divided by the difference of the terms, the quotient will 
be their sum (Alg. Art. 69). But the division may be 
effected by subtracting their logarithms. Let us, theft, 
add to, and subtract from, the second member of the equa- 
tion, — log A. We shall then have, 

"" 



/■ 



dx 1, 1 1, 



, = — loff ^loff^-| — ^log^*-- loff( wh-^^^cx)-{'Ci 

or by representing the three constants — log : log A, 

c c c _ 

and C, by a single letter C, we have 
dx 



h 



= = —\Qg{^h + (?a? + cx)+C. 



267^ Let us ts^e, as a third example, 

dx^/m? + s^. 
Comparing this with the general form, we find 
a^m?, and 6 = 0; 
hence (Art. 264), 

V^+i» = £+^ and d^=-il±p.dz; 
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and consequently, 

which is rational in z ; and, having found the integral in z^ 
substitute the value of z in terms of x. 

268. Let us now consider the case in which the coeffi- 
cient of a? is negative. We have 

VA + Bx-Car'=zVCy/^ + ^^ai' 
If now, we make as before, 



Va + bx — a? = x+Zy 

and square both members, the second powers of x in each 
memb^ will not cancel, as before ; and therefore, x can- 
not be expressed rationally in terms of jzr. We inust, 
therefc^e, place the value of the radical under another 
form. We will remark, in the first place, that the bino- 
mial a + bx^ 0?^ may be decomposed into two rational 
factors of the first degree. For, if we make 

a? — ia? — a=0, 

and designate the roots of the equation by « and «^, we 
have (Alg. Art. 142) ~ - 

(a? ^ Jo? — a) = (asr— . «i) (a? — »')> 
and consequently, by changing the signs. 



840 BLSMSNTS OF THS 

and placing the second member mider the radical, we 
may make 



V(a?-«)(*'-a.) = (a:-«);2; (1) 
squaring both members 

and by suppressing the common factor a? — «, 

*'-a?=:(a:-«)«2, (2) 
whence. 







« = 


«' + -2» 






- 1+z" 




and 


0?- 


— « = 




-*; 


or by reducing. 












a?- 


.« = 




(3) 



which, being substituted in the second member of equa- 
tion (1), gives 

V(a?— )(-'-x)=^^z; (4) 
smd by differentiating equation (3), we obtain 

269. To apply this method to a particular example of 
thefonn 

dx 

Va + te— a^ 
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substitute the values of Va-^bx — a:^ and dr, found in 
equations (4^ and (5) : we find 

dx ___ 2(<»^-~<»)z , _ 2dz 

hence 

J ^a + bx — as^ 
or, by substituting for z its value from equation (1), 

:.C-2tang-'v/^. 

270* If, in the last f9nnula, we make 

« = 1 and 6 = 0, 

the trinomial under the radical will become , 1 -r js*, and 
the roots of the equation oj^ — . 1 = are 

« = — 1 and •^ 5= 1 . 

Substituting these values, and the general formula becomes 

%nd if we suppose the integral to be when d? = 0, lye 
tim&bave 

0=C-2tang-*(l) 
= C - 2(450) (Trig. Art. VIII) 

s=C-90<^: h«ice C = -^. 

2 

21 
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Substituting t?ii ralie, ar^d we haTC 

= Stan? *\/ . 

271. We hare already seen (Ait. 219) tbat 
-— == = sin 'x; 
and hence, 

ahoold also represent the arc of which x is the sine 
To prove this, we hare (Trig. Arti XXV) 



_ 2tangA 
"^1— tang*A 



^^g^^-1 — '^^:z^ 



Substituting for tang A, i/ i . > *"^ reducing, we have 



tang2A= '^^-^; 



'/1_ J. 
that is, twice the arc whose tangent is \/ — — is equal 

to the arc whose tangent is ^ . 

a? 

But the arc whose tangent is Jl_iZL^, is the 



com- 



X — 

plement of the arc whose tangent is . , (Trig. 

Art. XVIII); and this arc has x for its sin^ Hence, 
either member of the equation 



/dx 
7!3 
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dx » , /I, — X 

2taiig-* ^ 



represents the arc whose sign is a?. 

272. Let us take, as a last example, the differential 



dxV2ax — a?. 

In comparing this with the general form, we find (Art 
268) 

* = and a' — 2a; 

and Art. 268, equations (4) and (5), give 

Substituting these values, we have 

Sa'z^dz 



dxV2ax — a^=i 



'{l + zy 



which may be integrated by the method of rational 
fractions. 

Rectification of Plane Curves. 

273. The rectification of a curve is the expression of 
its length. When this expression can be found in a finite 
number of algebraic terms, the curve is said to be rectifiable^ 
and its length may be represented by a straight line. 

274. The differential of the arc of a curve, referred to 
rectan^lar co-ordinates, is (Art. 128) 

dz^ ^da^, + dy^. 
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Hence, if it be required to rectify a curve, given by its 
equation, 

1st. Differentiate the equation of the curve. 

2d. Combine the differential equation thus found with 
the given equation^ and find the value of di? or dy^ in 
terms of the other variable, 

dd. Substitute the value thus found in the differential 
of the arcj which will then involve but one variqMe and 
its differential. Then, by integrating, we shall find the 
length of the arc, estimated from a given point, in term 
of one of its co-of'dinates, 

275. Let us take, as a first example, the common para 
bola, of which the equation is ' 

y^ == 2px, 

Differentiating, and dividing by 2, we have 

ydy=pdx, 

and consequently, 

substituting this value in the differential of the arc, we 
have . 



dz=:K/df + ^df 

-—dyVf + f'j 
p 

which, being integrated by formula (B) Art. 239, gives, 
by supposing f7i = l, a=jp^, ^^h » = 2, p = — 
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and integrating the second term by the formula of Art. 
266, we have, after ma^mg h =ji^, c* = 1, 

and consequently, 

«=i./rfyyp+p=o^2+£.iog( yp+?+y)+a 

If we estimate the arc from the vertex of the paraboth^ 
we shall have 

y = for z=zO: hence 

O = ^logp + C or C=-|.logp; 

md consequently, 

and hence, the value of the arc, for a given ordinate y, can 
onfy be found approximatively. 

276. The curves represented by the equation 
y»=par, 
are called parabolas. This equation may be placed under 
the form 

i ? 

y=j>-«»; 



' flt 



or by pladng p' sspf, and •~'szri, we have 

y=/ar; 
81 • 
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or finally, by omitting the accents, the form becomes 

By differentiating, we have 

dy = npa^''*dx^ 

and by substituting this value of dy in the differential of 

the arc, we have 

t 
z =/(l + r^fx^-^fdx. 

The integral of this expression will be expressed in a 

finite number of algebraic terms when ^ is a whole 

iiumber and positive (Art. 235). If we designate such 
whole and positive number by i, we have for the condition 
of an exact integral in algebraic terms, 

1 2t+I 

=z, or n=- 



2n--2 ' 2i ' 

and substituting for «, we have 

2t+t , 

y=:pa?"^' or y2*=/*a^*+', 

which expresses the relation between x and y when the 
length of the arc can be found in finite algebraic terms. 
There is yet another case in which the integral will be ex- 
pressed in finite and algebraic terms, viz. when ^ +— 

is a positive whole number (Art. ,236 and 235.) 

3 ' 
277. If we make i = 1, we have n = — , and 

2 

which is the equation of the cubic parabola. 
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Under this supposition, the arc becomes (Art. 217) 

and hence, the cubic parabola is rectifiable (Art. 273). 

If \^e estimate the arc from the vertex of the curve, we 
have 07 = 0, for z=:0: hence 

and consequently, 

278. If the origin of co-ordinates is at the centre of the 
circle, the equation of the circumference is 

R'' = a/' + y\ 

and the value of the arc, 

/•da? 

If the origin be placed on the curve 



and 2r = 



J V2Rx-a?' 



both of which expressions may be integiated by ^oiies, 
and the length of the arc found approximatively. 

279. It remains to rectify the transcendental cmrs. 
The differential equation of the cycloid is (Art. 182) . 



248 
which gives 
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2ry-y» 



Substituting thig value of da? in the idifferential of the 
arc, we obtain 

But (Art. 217) 

and hence, 

j^ 

^=^(2r)«2V2r~y+C=~2V2r(2r-y) + a 

If now,; we estimate 
the arc z fronj 5, the 
point at which y=:2r, 
we shall have, for ;r = 0, 
y = 2r; hence 

= 0+C, or C = 0, 
and consequently, the true integral will be 

^=-2V?r(2r^y); 
the gecopd member being negative, since the arc is a 
decreasing function of the ordinate y (Art. 31). 

If now, we suppose y to decrease until it becomes 
equal to any ordinate, as DF^M E, DB will be repre- 
sented by ^,^ or by 2 ^/2r{2r - y), and BE^^r-^y. 
But B^^BMxBE: hence 

BC? = V2r(2r-yX 
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and consequently, 

SD=:2BG; 

or the arc of the cycloidy estimated from the vertex of the 
axis, is equal to twice the corresponding chord of the 
generating circle : hence, the arc BDA is equal to twice 
the diameter BM ; and the curve ADBL is equal to four 
times the diameter of the generating circle, 

280. The differential of the arc of a spiral, ;referred to 
polar co-ordinates, is (Art. 202) 

dz^VdiFT'xFdF. 

Taking the general equation of the spirals 

u-=.at, 

we have dw« = w2aV-W; 

and substituting for iw^ and w^ their values, we obtain 



If we make « = 1, we have the spiral of Archimedes, 
(Art. 191), and the equation becomes 



, dz^adty/\-^t\ 

which is of the same form as that of the arc of the com* 
mon parabola (Art. 275). r 

261* In the logarithmic spiral, we have ^=il0gw, and 
the differential of the arc becomes 

tf5: = cfu-v/2+C; 

and if we estimate the arc from the pole, 

a: = Ml/2. 
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Consequently, the length of the arc estimated from the 
pole to any point of the curve, is equal to the diagonal of 
a square described on the radius-vector, although the 
number of revolutions of the radius-vector between these 
two points is infinite. 

Of the Quadrature of Curves. 

282. The quadrature of a curve is the expression of its 
area. When this expression can be fo^^ld in finite alge- 
braic terms, the curye is said to be quadrablCy and may be 
represented by an equivalent square. 

283. If s represents the area of the segment of a durve, 
and X and y the co-ordinates of any point, we have seen 
(Art. 130), that 

^5^ = tfdx. 

To apply this formula to a given curve : 

1 St. Find from the equation of the curve the value of y 
in terms of x, or the value of dx in terms of y, which 
values tvill be expr'essed under the forms 

y = F(x), or dx = F{y)dy. 

2d. Substitute the valvs of y, or the value of dx, in the 
differential of the area : we shall fiave 

ds = F{x)dxy or ds = F{y)dj/: 

the integral of the first form will give the area of the 
curve in terms of the abscissa, and the integral of the 
second will give the area in terms of the ordinate. . 
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284. Let us take, as a first example, the family of para- 
bolas of which tlie equation is 

w€ shall then have 

and 

1 - no" ""^" n 
/F(jr)da?=/o"a?"da?=-V- a? - = ■ — xy+C; 

1 * 
by substituting y for its value, p^j?'*. 

I( instead of substituting the value of y in the differential 
of the area 

vire find the value of dx from the equation 
y«=par, 



v^e have 



J ^y J 

III - ^ 



and consequently, 

n 



y" , w y* n 



by substituting a? for its value, ^, which is the same re- 

suit aB before found. 

Hence, ^Ae area of any portion of a parabola is eqttal 
to the rectangle described on the abscissa and ordinate 
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multiplied by the ratio — — -. The parabolas are there- 
fore quadrable. 

In the common parabola, n^2y ^=1, and we 
have 

JFixYdx^-r^xy, 

that is, the area of a segment is equal to two thirds of 
the area of the rectangle described on the abscissa and 
ordinate. 

285. If, in the equation 

we make n = 1^ and m = 1, it will represent a straight 
line passing through the origin of co-ordinates, and we 
shall have 

fF{x)dx = —xt/, 

which proves that the area of a triangle is equal to half 
the product of the base and perpendicular. 

286. It is frequently necessary to find the integral or 
function, between certain limits of the variable on which 
it depends. 

A particular notation has been adopted to express suck 
integrals. 

Resuming the equation of the common parabola 

y' = 2pa?, 

and substituting in the equation ydx the value q[ dx.=: ^--^ 
we have 
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cr, if the area be estimated from the 
vertex id, we have C = 0, and 



fydtc: 



Qp 




If now^ we wish the area to terminate X 

at any ordinate PM— 6, we shall then 

take the integral between the limits of y = and y^h; 

and, to express that in the differential equation, we write 






p 

which is read, integral of y^dy between the limits y = 
and y = 5. 

If we wish the area between the oidinates MP = b, 
M'P' = c, we must integrate between the limits y~h, 
y = c. We first integrate between and each limit, viz. : 



AMP 



=jfU^y=w 



pj Q^ ^ 3p 



we then have 



PMMP = AMM'F - AMP = — f * y*dy 



3p 



3/> 



Zp 



P' 

(c»-6»). 



^7. Let us now determine the area of any portion of 
the space included between the asymptotes and cunre of 
an hyperbola. 



22 



854 
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The equation of the hyperbola referred to its asymp- 
totes (An. Geom. Bk. VI, Prop. IX,) is 

xy — M. 

In the differential of the area of a curve ydx^ ds and. y 
are estimated in parallels to co-ordinate axes, at right an- 
gles to each other. 

The differential of the 
area BCMP, referred to 
the oblique axes AX, 
AYy is the parallelogram 
FMMP, of which 
PM=y and PP' = (?a?. 

If We designate the 
angle YAX^MTXh^ 
fiy we shall have 

area PMMP = ydxsmfi ; 

M 
and substituting for y its value — , and representing 

the area BCMP by s, we have 
ds = Msm& — , 

X 

fdx 
and s = ilf sin/3 I — == Msin/Blogo^ + C. 

If AC is the semi-transverse axis of the hyperbola, and we 
make il£=l, and estimate the area s from BC^ we shall 
have, for 07= 1, s = 0, and consequently C = 0; and the 
true integral will be 

5=:Msin/slog«. 
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But, since ABCD is a rhombus, and M= AB x EC (An. 
Geom. Bk. VI, Prop. IX, Sch, 2), and since AB=i 1, we 
have ikr= 1, and consequently, 

if = sin /3 logic. 

Now, since s, which represents the space BCMP for any 
abscissa Xy is equal to the. Naperian logarithm of a? multi- 
plied by the constant siiijS, s may be regarded as the loga- 
rithm of X taken in a system of which sinjS is the modu- 
lus {Alg. Art. 268J. Therefore, any hyperbolic space 
BCMP is the logarithm of the corresponding abscissa 
AP, taken in the system tvhose modulus is the sine of the 
angle included between the asymptotes. 

If we would make the spaces the Naperian logarithms 
of the corresponding abscissas, we make sin^ = 1, which 
corresponds to the equilateral hyperbola. If we would 
make the spaces the common logarithms, of tlie abscissas, 
make- sinjS = 0.43429945, (Alg. Art. 272). 

288. The equation of the circle, when the origin of co- 
ordinates is placed on the circumference, is 

y^ = 2rx — a?, or y = V^rx^a^^ 

and hence, the differential of the area is 



dxV2rx^ar^; 
and this will become, by making x^r-^ti^ 



--fduif^^u'y. 



: If we integrate this expression by formula (B) Art. 239, 
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we have 



2 2 J ^f^-v? 



But we have (Art. 253) 
and placing for tf its value 



and takfng this integral between the limits a? = and 
X = 2r, we shall have the area of a semicircle. 

For a? = 0, the area which is expressed in the first 
member becomes 0, the first term in the second membe^ 
becomes 0, and the second term also becomes 0, since 
the arc whose cosine is 1, is : hence the constant 
C = 0. 

If we now make a? = 2r> the term 

Tediices to 0, andnhe second term to 

— r^cos-\- 1) = -1^' (Trig^ ^' XIV), 
2 2 

and ccMisequently^ the entire area is fequal to r***, which 
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corresponds with a known result (Geom. Bk. V, Prop, XII, 
Cor. 2). 

The equation of the ellipse, the origin of co-ordi- 
nates being at the vertex of the transverse axis (An. Geoip. 
Bk. IV, Prop. I, Sch. 8), givei^ 



A 

and consequently, the area of the semi-ellipse will be 
equal to 

Integrating, as in the last example^ between the limits 
a? = 0, and a? = 24, and multiplying by 2, we find ABv 
for the entire area. Thi^ corresponds witli a knovm result 
(An. Geom. Bk. IV, Prop. XHl). 

289. The differential equation of the cycloid (Art. 183) is 

y^ry — y* 
whence 



Jydx^J- 



and applying formula £, (Art. 243) twice, it will reduce to 



/; 



^ ; and (Art. 226) 



V2ry-5^ 

/ dy . ^fy\ 

-7==^== = ver-sm \-^l 



But we may determine the area of the cycloid in a more 
simple manner by introducing the exterior segment AFKH^ 

2«* 
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Regarding FB as a 
line of abscii^sas, and de- 
signating any ordinate as 
KH, hy z = 2r — y, we 
shall have 




But 



whence 



d{AFKH)^zdx. 



zda:J^;^M^=iv^^^r^^ 



V^ry —' 



iry — y^ 



AFKH=fdyV2ry—y^+C. 

But this integral expresses the area of the segment of a 
circle, of which the abscissa is y and radius r (Art. 288): 
that is, of the segment MIGE, If now, we estimate the 
area of the segment from M, where y = 0, and the area 
AFKH from AF, in which case the area AFKH=:0 for 
y =;zO, we shall have 

AFKH = MIGE; 

and taking the integral between the limits y = and 
y = 2r, we have* 

AFB = semicircle MIGE, 

and consequently, 

area AHBM= AFBM-^ MIGB. 

But the base of the rectangle AFBM is equal to the semi- 
circumference of the generating circle, and the altitude is 
equal to the diameter, hence its area is equal to four times 
the area of the semicircle MIGB ; therefore, 

area AHBM = 3MIGB, 
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and consequently, the area AHBL is equal to three times 
the area of the generating circle. 

290. It now remains to determine the area of the spirals. 
If we represent by s the area described by the radius-vec- 
tor, we have (Art. 203) 

, i^dt 

and placing for u its value at^ (Art. 189) 

as = — -- — r and s = - — r-^+C, 
2 4/1 + 2 

and if n is positive C = 0, since the area is when ^ = 0. 
After one - revolution of the radius-vector, t = fi^f and we 
have 

^ g^(2^)^"+^ 
*"^ 4n + 2 ' 

which is the area included within the first spire. 

291. In the spiral of Archimedes (Art. 192) 

a = — and n = l; 

25r 

hence, for this spiral we have 

which becomes -—, after one revolution of the radius- 

vector; the unit of the number — being a square whose 

o 

side is unity. Hence, the area included by the first spire, 
is equal to one third the area of the circle whose radius is 
equal to the radius^vector after the first revolution. 

In the second revolution, the radius-^vector describes a 
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Becond time the area described in the first revolution ; and 
in any revolution, it will pas6 over, or redescribe, all the 
area before generated. Hence, to find the area at the end 
of the mih revolution, we must integrate between the limits 

^ = (771— l)2w and t=:m.2«', 

which gives 

i —7r, ^ § 

3 

If it be required to find the area between any two spires, 
as between the mih and the (m+ l)th, we have for the 
whole area to the (m + l)lh spire equal to 

{m + lf-m^ 

3 "' 

and subtracting the area to the mth spire, gives 

for the area between the mth and {m + l)th spires. 

If we make m = 1, we shall have the area between the 
first and second spires equal to 2^: hetice, the area be- 
tween the mth and (m + l)th spires, is equal to m times 
the area between the first and second. 

292. In the hyperbolic spiral n = — 1, and we have 

ds^—- — at and 5= . 

2 2t 

The area s will be infinite when / = 0, but we can find 
the area included between any two radius-vectors b and c 
by integrating between the limits « = 6, ^ = c, which will 
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293. In the logarithmic spiral t = \ogu: hence, dt = — , 
u^dt udu 



hence, 



2 2 

*udu w^ 



/udu vr . ^ 



and by considering the area 5 = when w = 0, we have 
C = and 



5=:- 



Determination of the Area of Surfaces of 
Revolution. 



294. If any curve BMAf, be re- 
volved about an axis AX, it will de- 
sCribe^ a surface of revolution, and 
every plane passing through the axis 
AX will intersect the surface in a me- 
ridian curve. It is required to find the 
differential of this surface. For this A P P^ X 
purppse, make AP = a?, PM = y, and PP^ =zh : we shall 
then have 

PM =F{x)^y, 
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In the revolution of the curve BMAF, 
the extremities M and M' of the ordi- 
nates MP, AfP^, will describe the cir- 
cumferences of two circles, and the 
chord M]\f will describe the curved 
surface of the frustum of a cone. The 
surface of this frustum is equal to 
(Geom : Bk. VIII, Prop. IV.) 

{circ.MP+circ.MF) 




(2»rMP+2^ikrP0 



X chord MM^ : that is, to 



X chordMMt^ 9r {MP +MP') X chord MAT; 



and by substituting for MP, M^P^ their values, the expres- 
sion for the area becomes 

If now we pass to the limit, by making A = 0, the chord 
MM^ will become equal to tlie arc MikP (Art. 128), and the 
surface of the frustum of the cone will coincide? with that 
of the surface described by the curve at the point M. If we 
represent the surface by s and the arc of the curve by z, 
we have, after passing to the limit, 

and by substituting for dz its value (Art. 128), we have 



' ds = 2iryVdc^+d^i 

whence, the differential of a surface of revolution is equal 
to the circumference of a circle perpendicular to the axis, 
into the differential of the arc of the meridian curve. 
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Remark. It should be observed that X is the axis about 
which the curve is revolved. If it were revolved about 
the axis Y, it would be necessary to change a? into y and 
y into X. 

296. If a right angled triangle CAB be revolved aboxit 
the perpendicular CAy the hypothenuse CB will describe 
the surface of a right cone. If we represent the base BA 
of the triangle by 6, the altitude CA by h, and suppose 
the origin of co-ordinates at the vertex of the angle C, we 
shall have 

X : y : : h : b: hence 

y = '—x and dy:=z—-dx, 
^ h ^ h 

Substituting these values of y and dy, in the general for- 
mula, we have 

f2^yVd^^Tdf=f2^^dxVJ^^ 

and integrating between the limits a? = and a? = /t, we 
obtain 

surface of the cone = ^b -yjW + b^ = 2^b x 

=:ctrc.ABx 

2 

296. If a rectangle ABCD be revolved around the side 
AJ)f we can readily find the surface of the right cylinder 
whidi will be descrfced by the side BC* 

Let us suppose the axis AD==h, and AB^b: the 
equation of the line DC vrill be y = b: hence, dy = 0. 
Substituting these values in the general expression of the 
differential of the surfipice, we have 



j2^yVda?+dft=f2itbdxrz2^bx+C; 
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and taking the integral between the limits x=;0 a? = A, 
we have 

surface = 2flr6A = circ.AB x AD. 

,297. To find the surface of a sphere, let us take the 
equation of the meridian curve, referred to the centre as 
an origin : it is 

a!' + y^ = R\ 

and by differentiating, we have 

xdx + ydy = ; 
hence 

dy=: and ay'^= — r— . 

Substituting for dy its value, in the differential of the 
surface 



d« = 27ry Vctr^ + dy^, 
we obtain 

* =/2^y Y (fo-^ + ^d^ =f2iTRda: = 27rRjc + C. 

If we estimate the surface from the plane passing through 
the centre, and perpendicular to the axis of Jf, we shall 
have 

8 = for a? =i 0, and consequently C = 0. 

Nov^, to find the entire surface of the sphere, we must 
integrate between the limits x= + R and a? = — JK, and 
then take the sum of the integrals without reference to 
their algebraic signs, for these signs only indicate the po- 
sition of the parts of the surface with respect to the plane 
passing through the centre of the sphere. 
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Integrating between tlie limits 

a? = and x= +Rf 
we find 

and integrating between the limits a? = and a?=— JR, 
there results 

hence, 

svrface = 45riJ2 = 2flriJ X 2 Ji ; 

that is, equal to four great circles, or equal to the curyed 
surface of the circumscribing cylinder. 

298. The two equal integrals 

s = 2^R^ and 5=— 2^iJ* 

indicate that the surface is symmetrical with respect to the 
plane passing through the centre. 

.299. To find the surface of the paraboloid of revolution, 
take the equation of the meridian curve 

which being difiesentiated, gives 

.fo = ?^ and d^ = ^. 

Sabstituting this value fA dxm tlie differential of the sur- 
face, It reduces to 

93 
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But we have found (Art. 217) 

hence, 

and if we estimate the surface from the vertex at which 
point y = 0, we shall have, 

= ^+C, whence. C=-?^, 

and mtegrating between the limits 

y=0, y = fe, 
We have 

300. To find the surface of an ellipsoid described by 
revolving an ellipse about the transverse axis. 
The equation of the meridian curve is 

whence 

, __ ^ E^ xdx __ B xdx 

substituting the square of this value in the differential of 
the surface and for y its value 



jVI53^ 



we have 



«b =2.rp<2rVil*-(A»- JP)a», 
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and s = ^^^^^^^^Jdx^/^^-J^, 

and if we represent the part without the sign of the inte- 
gral by D, and make 

A* 






we shall have 



s = Dfdx^R'^aJ'. 



But the integral of dx^R^ — a^ is a circular segment 
of which the abscissa is a?, the radius of the cirple being 
R. If, then, we estimate the surface of the ellipsoid from 
the plane passing through the centre, and also estimate the 
area of the circular segment from the same point, any 
portion of the surface of the ellipsoid wijl be equal to the 
corresponding portion of the circle multiplied by the cop- 
sUuit D\ Hence, if we integrate the expression 



s=fdxy/R'-^^ 

between the limits ^ = and x = Ay and designate 
by Jy the corresponding portion of the circle whose 
radius is ij, we shall have 

J- surface ellipsoid = i) x IX ; , ^ 

hence, surface ellipsoid = 2D x ZX. 

301. To find the surface described by the revolution of 
the cycloid about its base. 

The differential equation of the cycloid is 



dx= 



ydy 



-v/2ry-y*' 
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Substituting this value of d!^? in the differential equation 

of the surface, it becomes ^ 

t 

V2ry — y^ 
Applying formula (E), Art. 243, we have 

But, 

hence, 

* = 2^V^[l|yV2ry-.y^-.|-r(2r--y)^]+C. 

If we estimate the surface from the plane passing through 
the centre, we have C = 0, since at this point 5 = 
and y = 2r. If we then integrate between the limits 
jl = 2r and y = 0^ we have 

* = — surface = ^r^: hence. 

2 S 

s= surface = — 7r^r^9 
3 

that is, the surface described by the cycloid, when it is 
revolved around the base, is equal to 64 thirds of the 
generating circle. 

The minus sign shwild appear before the integral, since 
die surface is a decreasing function of the variable y 
(Art. 31). 
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Of the Cubature of Solids of Revolution. 

302. The cubature of a solid is the expression of its 
volume or content. 



C Mt 



303. Let u represent the volume or 
solidity generated by the area ABMP^ 
when revolved around the axis AX. If 
we make AP = a?, PP^ = A, we have 
M'P'^Fix+h). Now, the solid gene- / 
rated by the area ABMM^P^y will ex- 
ceed the solid described by ABMP, by "iJ P P* X 
the solid described by the area PMM'P^, 

The solid described by the area ABMP is a function of 
a?, and the solid described by the area ABMMP^ is a simi- 
lar function of {x + A). If we designate this last by t/, 
we have 



dx do? 



1.2 "*" d^ 1.2.3 



+ &c. 



■f-&c. 



hence, the solid described by PMMP' is 

"""da? "*"da? l.2^da^ 1.2.3 

Let us now comp^e the cyUnder described by the rectan- 
gle P^M with that described by the rectangle P^C. The 
equation of the curve gives 

jlfP = y = F(a?) HfF=zF{x + h);, 
hence, since PP^ = A, 

cylinder described by P^M= ^[F{x)f?if 
cylinder described by P^C = ir [F(x + h)fh; 
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and the ratio of the cylinders is 

[Fjx + h)]' . 
lF{ar)r ' 

the limit of which, when i = 0, is unity • 

But the solid described by the area PMMP^ '^ less 
than one of the cylinders and greater than the other; 
hence, the limit of the ratio> when compared with eithei 
of tkem, is unity. Hence, 

the limit of which, when A = 0, is 

du 
dx 



whence 



and finally 



r[n^)f -*' 



g = .[F(a.)]» = rj^, 



du = irt^dx ; 



the differential of the solidity i^y^dx being a cylinder whose 
base is »ry* and altitude dx^ 

304. Remark. The differential of a solid, generated by 
revolving a curve around the axis of Y, is 

itsfdy^ 

305. Let it be required to find the solidity of a right 
cylinder with a circular base, the radius of the bai»e being 
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r and the altitude A. We have for the differential of the 
sohdity 

and since y = r, it becomes 

and taking the integral between the limits x=zO and j? = A, 
we have 

which expresses the solidity. 

306. To find the solidity of a right cone with a circular 
base, let us represent the altitude by h and the radius of 
the base by r, and let us also suppose the origin of co-or- 
dinates at the vertex. We shall then have 

y=:ya? and f^—w\ 

and substituting, the differential of the solidity becomes 

and by taking the integral between the limits a? = and 
a? r= A, we obtain 

3 3 

that is, the area of the base into one third of the altitude. 

307. Let it be required to find the sqlidity of a prolate 
spheroid, (An : Geom : Bk. IX, Art. 33). 

The equation of a meridian section is / 
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which gives 






y'=^M'-<^i 



hence the differential of the solidity is 
and by integrating 

If we estimate the solidity from the plane passing through 
the centre, we have for a7 = 0, w = 0, and consequently 
C = ; and taking the integral between the limits x^= 
and a?=: A, we have 



— sohdity = "^^E^ X A ; 



and consequently 



2 

solidity = — ^B* x 2A. 



But ^jB^ expresses the area of a circle described on the 
conjugate axis, and 2A is the transverse axis : hence, 
the solidity is equal to two-thirds of the circumscribing 
cylinder. 

308. If an ellipse be revolved around the conjugate axis, 
it will describe an oblate spheroid, and the differential of 
the soUdity would be 

du = ^a?dv ; 
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and BubstitutiDg for a?, and integrating, we shquld find 

2 
solidity = — ttA^ x 25 : 

o 

that is, two-thirds of the circumscribing cylinder. 

309. If we compare the two solids together, we find 

oblate spheroid : prolate spheroid r: A : B. 

310. If we make A = 5, we obtain the solidity of the 
sphere, which is equal to two-thirds of the circumscribing 
cylinder, or equal to 

311. Let it be required to find the solidity of a para« 
boloid. The equation of a meridian section is 

and hence the differential of the sohdity is 

du=:2'r:pxdx ; hence 

u = Trpai^ + C ; 

and estimating the solidity from the vertex, and taking the 
integral between the limits a? = and x = h, and designa- 
ting by b the ordinate corresponding.to the abscissa a? = A, 
we have 

u=:''rph^ = yFb^x — ; 

that is, equal to half the cylinder having an equal base 
and altitude. 

812. Let it be required, as a last example, to determine 
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the solidity* of the solid generated by the revolution of the 
cycloid about its base. 

The differential equation of the cycloid is 



dx: 



hence we have 



du = 






W2ry-f' 



which, being integrated by formula (E) Art. 243, and then 
by Art. 226, we find the solidity equal to five-eighths of 
the circumscribing cylinder. , • ^ 



Of DouhJe Integrals. 

313. Let us, in the first place, consider a solid limited 
by the three co-ordinate planes, and by a curved surface 
which is intersected by the co-ordinate planes in the curves 
CB, BD, DC. 

Through any point of 
the surface, as M, pass 
two planes HQF and 
EPG respectively paral- 
lel to the co-ordinate planes 
ZXj YZ, and intersect- 
ing the surface in the 
curves HMF and EMG. 
The co-ordinates of the 
point M are 

AP=a?, PAT ±=y, MM=^zM^ 




intiTgral calculus. .^ 275 

• 

It is now evident that the solid whose base on the co-ordi- 
nate plane YX is the rectangle AQM^P, may be extended 
indefinitely in the direction of the axis of X without chang- 
ing the value of y, or indefinitely in the direction of Y 
without changing x. Hence, x and y may be regarded 
as independent variables. 

If, for example, we suppose y to remain constant, and x 
to receive an increment Pp = h, the solid whose base is 
the rectangle AQM^P, will be increased by the solid 
whose base is the rectangle M^rnfpP ; and if we suppose 
X to remain constant, and y to receive an increment 
Qq = ft, the first solid will be increased by the solid whose 
base is the rectangle Qqn/M^. 

But if we suppose x and y to receive their increments 
at the same time, the new solid will still bo bounded by 
the parallel planes epg^ hqf, and wdll differ from the prim- 
itive solid not only by the two solids before named, but 
also by the solid whose base is the rectangle n'M'rnlW, 
This last solid is the increment of the solid whose base is 
the rectangle M'Ppm'^ when we suppose y to vary; or 
the increment of the solid whose base is the rectangle 
Qqr^My when we suppose x to vary. 

Let us represent by u the solid whos'e base is the rect^ 
angle AQMP ; u will then be a fimction of x and y, and 
the difference between the values of the increments of w, 
under the supposition that x and y vary separately ; and 
under the supposition that they vary together, will be equal 
to the solid whose base is the rectangle n'M^mfN\ By 
taking this difference (Art. 83) we have 
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hence, 

solid w^iWJtf...M dhi 1 ^u 1 ^ .\^ 

hk ^dxdy'^ 2€Lt'dy^'^ 2dxdf'^^ ; 

and passing to the limit, by making A = and A =0, the 

second member becomes ■ , • , . 

axay 

As regards the first member, the rectangle 

n'N'm!M':^hxh 

and the altitude of the solid becomes equal to AFM=zz 
when we pass to the limit : hence 

dxdy ~ 
314. Although the differential coefficient 



dxdy 



= z. 



has been determined by regarding m as a function of two 
variables, we can nevertheless return to the function u by 
the methods which have been explained for integrating a 
function of a single variable. 
For we have 

du\ 



d?u \dx. 



<S) 



dxdy dy * 

hence 

\dJ , , 

-—dy^zdy; 
and integratmg under the supposition that x remains con- 
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<tanty and y variesy "we have 

whence 

— dx^dxJzdy + X!dx; 

and if we integrate this last expression under the supposi- 
tion of a being the variable, and make JX'dx^X^ 

u=zfdxfzdy + X+Y. 

It is plain that the constant, which is ad^ed to complete 
the first integral, may contain x in any manner whatever; 
and that which is added in the second integral, may contain 
y; the Jirst will disappear when we differentiate with 
respect to y, and the second when we differentiate with 
respect to x. 

The order of integration is not material. If we first 
integrate with respect to a?, we can, write 

d^u __ \dy) . 
dxdy~~ dx 

and by integrating, we find 

kence we may write 

u — JJzdydx, or u^Jfzdxdyj 

which indicates that there are two integrations to be per- 
formed, ime with cespect to or, pd the odier with reaped 

lay. 

84 
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315. If we consider the differentials as the indefinitely 
•mall increments of the variables on which they depend, 
we may regard the prism whose base is the rectangle 
fiN'm'M!^ as composed of an indefinite number of small 
prisms, having equal bases, and a common altitude dz. 
Each one of these prisms will be expressed by dxdydz^ 
and we shall obtain their sum by integrating with respect 
to z between the hmils z = and z = MM\ which 
will give 

fdxdydz = zdwdy. 

816. It is plain that zdx is the differential of the area 
<rf the section made by the plane HQF parallel to the 
eo-ordinate plane ZX ; and consequently 

Jzdx — area of the section HQF. 

Hence, {J zdx)dy is equal to the elementary solid in-s 
duded between the parallel planes HQF, hqf, or 

f{fzdx)dy =zffzdxdy 

is equal to the solid which is limited by the surface and 
the three co-ordinate planes. If we consider a section 
of the solid parallel to the co-ordinate plane YZy we have 
fzdy = area of the section EPG, and ffzdxdy = solidity 
of the soUd. 

817. Let us suppose, as a first example, that 
we shall then have 
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Let US now integrate under the supposition that x is cobk 
stant ; we then have 



/: 



or -{-If X X 



in which X! represents an arbitrary function of x. If we 
now make f X^dx^Xy and integrate again under the 
supposition that a? is a variable, we have 

J X X 

dx t/ 

The integral of — tang""*— is obtained in a series by 

X X 

substituting the value of (Art. 228), 

and since, in integrating with respect to x^ we must add 
an arbitrary function of y, which we will represent by y, 
We shall obtain 



//: 






We shall obtain the same result by integrating in the in- 
verse order, viz., by first supposing y to be constant 
Under this supposition 



/: 



dx 1 ^ -I ^ , XT/ 

„— -^ = — tang '— +F, 

^+y y y 
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dien integrating with respect to x^ 

But by observing that (Trig. Art. XVIII), 

tang-*— = — - tang-'^, 
y 2 X 

we shall have, after the second integration, and the addi* 
tion of an arbitrary function of x, 

TT 

and as we can include the term — logy in the arbitrary 
function Y, this result may be placed under the form 

which is the same as the result before obtained, as may be 
shown by placing for tang""'-^ its value, multiplying each 
term by -^, and integrating. 

318. When we consider 

ffzdxdy 

as expressing the solidity of a solid, it is necessary to con- 
sider the limits between which each integral is taken, and 
tliese limits will depend on the nature of the solid whose 
cubature is to be determined. Let it be required, for ex* 
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ample, to find the solidity of a sphere, of which the centre 
is at the origin of co-ordinates. Designating the radius 
by JR, we have 

oe' + f + z' = R^ 

and consequently, 

ffzdxdy ^Sfdxdy VK' - ar^ - y^ 

If now, we suppose y constant, and make B? — y^=^R^^ 
and then integrate with respect to x, we have 

fdx Vr^ -x'-y'' =fdx -yJW - x\ 

and integrating this last expression, first by formula' (B) 
Art. 239, and then by Art. 220, we have 

Jdx VR'' -0^ = — VR'^ - ^ + 4- ^''^^^"'"S + ^» 
and substituting for R^^ its value, we obtain 

It should be remarked, that fzdx expresses the area of 
a section of the sphere parallel to the co-ordinate plane 
ZX^ for any ordinate y = AQ, and to obtain this area we 
must integrate between the limits x = and a? = QF^ 
But since the point F is in the co-ordinate plane YX, 
we have for this point z = Oy and the equation of the sur- 
face gives 

QF = X=::VR^-f] 

therefore, for every value of y the integral fzdx must be 

taken between the limits a? = and x = Vii^ — y^. Into- 

23* 
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grating between these limits we have 

since, ' sin"*(l) = — : 

lience, 
/d;,/zdx = ^/dy{R^ -f)=J^(^R*y-l>^ + X, 

and taking this last integral between the limits y = and 
y = AC = Rf we obtain 

IT' 

which represents that part of the sphere that is contained 
in the first angle of the co-ordinate planes, or one-eighth 
of the entire solidity. Hence, 

4 1 

solidity of the sphere = — iJ^^ = — D^ir. 

We might at once find the solidity of the hemisphere 
v^hich is above the horizontal plane YX, by integrating 
l>etweeh the limits 



a?=:-Vi{*-j^ and x- + VW-^. 
Taking the integral between the limits 

a? = and a? = — VjR* — J?*» 

we have fzdx = — "7*(^* — y*) ; 

and between the limits 

a? = and «= + Vil* — S*» 
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we have Jzdx =-^(ii' — y^) ; 

hence, between the extreme limits^ we. have 

Then taking the integral 

/dj,fzdz = ^fdy{R}-y^ 

between the limits 

y = — jR and y = + JJ, 
we find the solidity to be 

or the solidity of the entire sphere id| 



THB END 
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